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Abstract

In this paper we consider two approaches for dealing with “endogenous se-
lection” problems when estimating causal effects, namely selection models
(SM) and principal stratification (PS). Our main goal is to highlight similari-
ties and differences of the two approaches, by first investigating the different
nature of their parametric hypotheses. In order to support our reasoning, we
show their different performances by simulations under both approaches. We
argue that principal stratification is able to suggest alternative identification
strategies not always easily translated into assumptions of a selection model.

1 Introduction
When the goal of inference is that of estimating causal effects, we usually
have to face problems related to how data are observed. In observational stud-
ies the most relevant of such problems is the fact that assignment to treatment
is not under the control of the investigator; in addition some studies, both
observational and experimental, may be affected by different sorts of post-
treatment selection of observations due to, e.g., non response, truncation or
censoring “due to death”. Moreover, one may be interested in decomposing
the total effect of a treatment on an outcome into a direct effect and an indi-
rect one mediated by another intermediate variable. All such complications
require to somehow control for them, but the use of the standard statistical
conditioning is improper (Rubin, 1978; Heckman, 1974; Rosembaum, 1984;
Rubin, 2004).

A relatively recent approach to deal with post-treatment complications is
Principal Stratification (PS), as first defined by Frangakis and Rubin (2002)
within the framework of the Rubin Causal model (Rubin, 1974; Holland,
1986) and applied mainly in experimental studies (Barnard et. al., 2003;
Zhang et. al., 2006; Mattei and Mealli, 2007). In Frangakis and Rubin
(2002), PS was introduced in order to give a formal definition of surrogate
endpoints; it was then used to define direct and indirect effects (Mealli and

1This paper was presented at the Causal Inference conference held in Uppsala, June 2007. The
authors are grateful for comments by the conference participants. Financial support for this research
was provided by Miur Cofin 2005 grant.
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Rubin, 2003). As Rubin (2004) points out, the PS framework can be viewed
as having its seeds in the Instrumental Variables (IV) method of estimation of
causal effects. This is described within the context of the potential outcomes
in Angrist, Imbens and Rubin (1996) from the frequentist perspective, and
in Imbens and Rubin (1997) from the Bayesian perspective, although it has
roots in work by economists such as Tinbergen (1930) and Haavelmo (1944).
Indeed, the approach to adjust for noncompliance applied in Angrist, Imbens
and Rubin (1996) and in Imbens and Rubin (1997) is a special application of
the PS framework, where the compliers are a principal stratum with respect
to the post-treatment compliance behavior.

Despite the use of PS to solve particular issues, the framework appears to
be a very general one, that can be applied in various contexts. Furthermore,
the framework may lead to both parametric and semi(non)parametric infer-
ence, depending on the set of assumptions that can be reasonably maintained,
as well as whether point or partial identification is to be achieved.

In the econometric literature post-treatment complications are usually de-
scribed as problems of endogenous selection and include treatment assign-
ment in observational studies, self-selection, non response, censoring or trun-
cation “due to death”. They are usually represented by means of selection
models (SM, Heckman, 1974; Gronau, 1974). Since the seminal work of
Heckman, various extentions of the model have been proposed, which in-
clude semi and nonparametric versions (Pagan and Ullah, 1997; Vella, 1998).
While parametric selection models can be rather restrictive in terms of dis-
tributional assumptions, semi and nonparametric extensions usually require
additional exclusion restrictions to maintain point-identification of the pa-
rameters of interest.

In the paper we consider both SM and PS to estimate causal effects in the
presence of post-treatment complications under different sets of assumptions.
Indeed, causal inference requires some assumptions about the population, the
sampling process and the behavior of the subjects under study. The cred-
ibility of (causal) inference decreases with the strength of the assumptions
maintained (Manski, 2003). Note that hypotheses are not all on the same
ground, and they may have different nature, as well as a different degree of
agreement.

The main goal of the paper is to highlight similarities and differences of
the two approaches (SM and PS), first investigating the different nature of
their parametric hypotheses. We also argue that Principal Stratification is
able to suggest alternative identification strategies not always easily trans-
lated into assumptions of a selection model. In order to support our reason-
ing, we show, by simulations under both approaches, their different perfor-
mances.

The paper is organized as follows: in section 2 principal stratification is
presented together with its main characteristics; section 3 is devoted to recall
the basic features of selection models; a first comparison in terms of aims
and developments of the two approaches is conducted in section 4. In section
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5 and 6 some simulation results are shown, which refer to an empirical set-
ting with nonignorable post-treatment nonresponse. Simulation are aimed at
studying the different performances of the two approaches together with their
robustness. Specific identification strategies are presented in section 7 in a
rather complicated setting, with more then one post-treatment complications.
Section 8 summarizes our findings and concludes.

2 Principal Stratification and its Role for Causal
Inference in Experimental and Observational Stud-
ies
Principal stratification has been first introduced by Frangakis and Rubin (2002),
in order to address post-treatment complications in an experimental setting.
Here, we show that the framework can be easily extended to an observa-
tional setting under specific hypotheses on the assignment mechanism. We
first introduce “potential outcomes” (see Rubin, 1979) for one post-treatment
variable and a binary treatment. If unit i in the study (i = 1, . . . ,N) is to be
assigned to treatment t (t = 1 for treatment and t = 0 for no treatment),
we denote with Qi(t) a post-treatment potential variable, which is, without
loss of generality, assumed to be an indicator equal to 1 if a specific post-
treatment event happens and 0 otherwise. For example, Q may represent a
response indicator for a specific item in a questionnaire, or a survival indica-
tor: in these examples, Qi = 0 precludes the observation of Yi(t), which is the
potential outcome variable of main interest, i.e., with respect to which we are
interested in investigating the causal effect of T , defined on a single unit as a
comparison between Yi(1) and Yi(0). Alternatively, we may be interested to
decompose the effect of T on Y in a direct effect and an indirect one mediated
by a variable Q (in this case Y would be observed for every i-th unit).

In an observational setting, various hypotheses can be posed on the as-
signment mechanism. In what follows, we will assume that treatment assign-
ment is unconfounded given a vector X of pretreatment variables:

Assumption 1 : T ⊥ Q(0),Q(1),Y(0),Y(1)|X

In other words, we assume that within cells defined by the values of pre-
treatment variables X, the treatment is randomly assigned or, at least, is as-
signed independently of the post-treatment variables considered relevant for
the study. If we indicate with Tobsi the observed treatment assignment, the
observed data are

(
Tobsi,Q(Tobsi),Y(Tobsi), Xi

)
i = 1, . . . ,N,

Consider now the potential outcomes Qi(0) and Qi(1). Within each cell de-
fined by specific values of the pretreatment variables, the units under study
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can be stratified into four groups, named Principal Strata, according to the
joint value of the potential variables (Qi(0),Qi(1)); the strata are the follow-
ing:

11 = {i : Qi(1) = Qi(0) = 1} with proportion π11|Xi

10 = {i : Qi(1) = 1,Qi(0) = 0} with proportion π10|Xi

01 = {i : Qi(1) = 0,Qi(0) = 1} with proportion π01|Xi

00 = {i : Qi(1) = Qi(0) = 0} with proportion π00|Xi = 1−π11|Xi−π10|Xi−π01|Xi

Let Gi represent the principal stratum indicator for subject i. The prin-
cipal stratum indicator Gi is not affected by treatment assignment Tobsi, so
it only reflects characteristics of subject i, and can be regarded as a covari-
ate, which is only partially observed in the sample (Angrist et al., 1996); by
unconfoundedness, however, it is guaranteed to have the same distribution
in both treatment arms, within cells defined by pre-treatment variables. We
usually need to adjust for the principal strata, which synthesize important
unobservable characteristics of the subjects in the study.

Usually, information on causal effects is contained in a particular prin-
cipal stratum: in the present exemplified context direct information on the
causal effect can be found in the 11 stratum (e.g., respondents or survivors
under treatment and control or units with the same levels of the intermediate
variable under treatment and control), because only for units belonging to
this stratum one can consistently compare Y(1) and Y(0). The effect to be
estimated is usually an average effect within stratum: E(Y(1) − Y(0)|11).

If Q represents non response or death, in fact, in all strata but 11 only one
potential outcome or none can be observed, whereas if Q is an intermediate
variable evidence on the direct effect cannot be disentangled from the indirect
effect trough Q, except for stratum 11 for which the effect on Q is absent (Q
is always equal to one).

The purpose of inference is to estimate (by likelihood or Bayesian pro-
cedures2) the probabilities of strata belonging (π11|Xi , π10|Xi ,π01|Xi ) and the
distribution of the potential outcomes within each stratum, under different
identifying distributional and behavioral assumptions.

Note that the same framework can be easily extended to cases with non
binary treatment, non binary post-treatment variable and more than one post-
treatment variables (an example of such extensions is presented in section
7).

2In what follows, we will focus on likelihood based inference, in order to better highlight identi-
fication problem and also to conform to the standard literature on selection models.
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3 Solving endogenous selection problems by means
of sample selection models
Sample selection models have been introduced in order to consistently es-
timate regression models’ parameters with non random samples (Heckman,
1974; Gronau, 1974); they have been also widely used for the estimation of
treatment effects with endogenous selection. Assuming, as in the previous
section, that T in unconfounded (Assumption 1) given a vector of X vari-
ables, but the outcome variable is observed only for a nonrandom sample;
then the standard specification of a selection model is the following:

Y = α + βX + γT + u1 (1)

Q∗ = ω + aX + bT + u2

where u1 ∼ N(0, σ1), u2 ∼ N(0, σ2) and corr(u1, u2) = ρ. Y is observed
only for Q∗ > 0, so that Q∗ is the latent variable underlying the observed
selection indicator Q. As far as causal inference is concerned, this specifica-
tion implicitly assumes that treatment effect is constant and measured by γ;
moreover monotonicity with respect to Q holds by construction: b > 0 im-
plies Q|X,T = 1 ≥ Q|X,T = 0 (i.e., response under treatment cannot be less
than response under control), the opposite inequality would hold for b < 0.
More complex specifications are possible, allowing for heterogeneous effects
and non monotonicity: in this case, separate models for T = 0 and T = 1 are
usually formulated, as we will see in section 6.

Under the standard hypotheses given above, model (1) can be consis-
tently estimated by maximum likelihood, although caution is required when
no exclusion restriction on the Xs is imposed. The model can also be esti-
mated by a two-step procedure (Heckman, 1974); note however that in this
case identification is achieved only trough a nonlinear transformation of the
Xs in the Mills ratio, so that at least a continuous regressor is needed (Olsen,
1980).

Despite identification, Little (1985) and Copas and Li (1997) observe that
inference is not robust and very sensitive to parametric assumptions. Relax-
ing normality and further extensions of the basic model will be reviewed in
the next section, according to a chronological order as they appear in the
literature since the seminal paper by Heckman.

4 Basic aims and developments of the two ap-
proaches
Sofar, the essential features of the SM and PS approaches have been pre-
sented, which provide a first understanding of their different “spirit”. In fact,
selection models aim at estimating parameters of a model (first equation of
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model (1)), model that should be valid for the whole population in the ab-
sence of complications (i.e., if the data come from a random sampling). Be-
cause observations come from a nonrandom sampling procedure, it becomes
necessary to include a selection equation as in model (1), in order to “cor-
rect” the estimation of the causal effect. The intrinsic nature of this approach
is parametric, although semi and nonparametric versions have been devel-
oped.

On the contrary, the PS approach focuses on information contained in
specific subgroups of units, aiming at producing valid inference conditional
on such subgroups, without a priori extending results to the whole popula-
tion. The intrinsic nature of this approach in nonparametric, although the
framework may lead to both parametric and semi(non)parametric inference,
depending on the set of assumptions that can be reasonably maintained, as
well as whether point or partial identification is to be achieved.

Principal stratification Sample selection models
Basic characteristics

Data on endogenously selected sample Data on endogenously selected sample
Non parametric hypotheses Parametric hypotheses
Finding meaningful subgroups Extending results to the whole population
to refine inference
Causal inference on subgroups Causal inference: Average treatment effect

Possible extensions
Reducing the number of PS Removing parametric hypotheses
by assumptions Non normality assumption on error terms
Monotonicity (Lee, 1982,1983; Gallant and Nychka,
(Angrist et a., 1996; Mealli et al., 2004) 1987; Pagan and Vella, 1989; Honore et al.,
(Frangakis et al., 2004) 1997)
Stochastic dominance Nonparametric correction term:
(Rubin & Zhang, 2002) a) maintaining single index restriction
(Zhang et al., 2006) (Newey, 1990; Cosslet, 1991;
Distributional hypotheses Lee, 1994)
(Zhang et al., 2005) b) avoiding single index restriction
Restrictions on covariate effects (Choi, 1990; Ahn & Powell, 1993;
(Jo, 2003; Mattei & Mealli, 2006) Ichimura, 1993; Li and Wooldridge, 2002)

Table 1: Basic characteristics and possible extensions of PS and SM

The basic assumptions embedded in a standard selection model have al-
ready been summarized and refer to the parametric distributional hypothesis
for the error terms and their additivity with respect to the explanatory vari-
ables, constant treatment effect and monotonicity. Possible departures from
a fully parametrized model concern primarily the relaxation of distributional
and functional assumptions. While preserving the parametric nature of the
model, the normality assumption can be avoided by specifying arbitrary para-
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metric marginal distributions for the error terms, but still coming back to joint
normality by appropriate transformation of the marginals (Lee, 1982, 1983;
Gallant and Nychka, 1987). This strategy can be followed within a maximum
likelihood estimation framework.

Alternatively, within a two-step estimation setting, only the distribution
of u2 must be specified, together with the linearity assumption of the rela-
tionship between u1 and u2 (Olsen, 1980; Wooldridge, 1994). Also, because
joint normality implies this linear relationship, normality can be relaxed by
including terms capturing deviations from linearity (Lee, 1984; Pagan and
Vella, 1989). Honore et al. (1997) have proposed an alternative approach
assuming that errors are simmetrically distributed conditional on the regres-
sors.

Avoiding parametric assumptions on the error distribution, while main-
taining additivity and imposing an exclusion restriction on X, the conditional
expectation E(u1|X,T,Q = 1), which is relevant for the correction of the
outcome equation in model (1):

E[Y |X,T,Q = 1] = α + βX + γT + E(u1|X,T,Q = 1) (2)

can be expressed in the following general way:

E(u1|X,T,Q = 1) = g(v(X,T ; θ)). (3)

Different identification and estimation strategies have been proposed in the
literature depending on the specification of v and g. When v is supposed
linear w.r.t X and T (single index restriction) θ can be estimated without dis-
tributional assumptions on u2, and in the second step, g can be nonparamet-
rically estimated using flexible functional forms (such as series expansion or
step functions). This estimation strategy is proposed for example in Cosslet
(1991). Similarly, Robinson (1988), Newey (1990) and Lee(1994) suggest,
for the second step, a different nonparametric estimation procedure based on
differencing out the selectivity bias, without a direct estimation of g((X,T )′θ).

Moreover, avoiding linearity in v w.r.t X and T , i.e. removing the sin-
gle index restriction, Ahn and Powell (1993) propose a non parametric ker-
nel method to estimate the propensity score Pr(Q = 1|X,T ); on the same
ground, Choi (1990) suggests the use of series expansions to approximate
the unknown function v. Li and Wooldridge (2002), Lee (1994) and Ichimura
(1993) suggest alternative multistep estimation strategies. Note that additiv-
ity of error terms is always maintained. All these approaches in estimating
model (2) can potentially be framed into the GAM and GAPLM (General-
ized Additive Partial Linear Models) literature (Hastie and Tibshirani, 1990;
Green and Silverman, 1994; Haerdle et al., 2006).

It must be noted that all the semiparametric approaches involving the es-
timation of (3) need identifying conditions that always require at least an
exclusion restriction; in addition the intercept term is not identifiable be-
cause it cannot be disentangled from g(v(X,T ; θ)). This is a relevant problem
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when, in order to remove monotonicity and constant treatment effect, sepa-
rate model for T = 0 and T = 1 are specified and thus the treatment effects
also involves the comparison of intercept terms (cf. section 6). Heckman
(1990) and Schafgans and Zinde-Walsh (2002) suggest possible solutions to
retrieve the intercept term based on an identification “at infinity” condition.
For a recent empirical comparison of parametric and semiparametric selec-
tion models see Christofides et al. (2003).

As shown above, recent developments of selection models are aimed at
removing specific hypotheses on error terms: the definition of error terms
requires a more or less specified model both for the outcome and the selection
equation(s).

This is instead avoided in the PS approach, where the latent strata are gen-
erated by the primitive potential outcomes. Usually, identification strategies
exploit the comparison between observed groups and latent groups (strata).
This comparison can sometimes imply only bounds for treatment effects
(Zhang and Rubin, 2003; Imbens and Rubin, 1997); point identification can
instead be reached by means of assumptions that usually relate to specific
behavioral hypotheses about the strata. Some of such assumptions aim at
reducing the number of strata: following our introductory example, impos-
ing monotonicity (response under treatment cannot be less than response un-
der control) allows, for example, to exclude either stratum 10 or stratum
01. Other hypotheses impose certain features of the distribution of outcomes
within or among strata: these include various forms of exclusion restric-
tions (Mealli et al., 2004), various versions of stochastic dominance that
assume, for example, that the distribution of the outcome in one or more
strata stochastically dominate that of other strata (Zhang and Rubin, 2003;
Zhang et al., 2006), and various forms of ignorability and non ignorability
model for the selection (Frangakis and Rubin, 1999).

In case point identification cannot be achieved solely on the base of such
nonparametric (structural) hypotheses, or simply for efficiency reasons, some
distributional hypotheses can be introduced. Note however, as will be also
clearer with our simulation exercises, that such distributional assumptions do
not usually involve the joint specification of a model for the outcome and the
selection process, but rather refer to distributions for the outcome variables
conditional on the strata. These distributions have explicit implications on
the probability law of variables within observed groups, in terms of mixture
distributions, so that the theory on mixture models can be exploited for both
identification and specification testing.

Analogously, identification and efficiency improvements can be achieved
by exploiting covariates: plausible behavioral hypotheses within or among
groups defined by the values of the covariates can be translated into restric-
tions on coefficients within or among strata. One can, for example, exclude
some interaction terms (Jo, 2002), or impose the same coefficients across
strata for some covariates (Frangakis, 2006). Some practical examples of
this approach will be presented in the following sections.
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Using PS, whatever the assumptions made, the result of inference is al-
ways a causal effect within one or more strata. An issue that often arises
regarding the PS approach is that we cannot univocally identify the group
the causal effect refers to, so we cannot univocally estimate the individual
causal effects. This issue also characterizes the Instrumental Variable litera-
ture where, under certain assumptions, only the effect on specific subpopu-
lations can be identified (Angrist et al., 1996). Note, however, that the fact
that proper causal effects can only be defined and estimated for latent sub-
groups of units is a limitation created by the selection mechanism, rather than
a drawback of the framework of principal stratification.

4.1 Equivalence under particular conditions
Although the two approaches have been developed separately, Vytlacil (2002)
has shown an equivalence in the specific linear IV setting. He proves that as-
sumptions on the principal strata directly translate into assumptions on a se-
lection latent index model and vice-versa: under the LATE (Latent Average
Treatment Effect, Imbens and Angrist, 1994) independence assumption and
the LATE monotonicity assumption the two models are shown to be observa-
tionally equivalent. Note, however, that interpretation of inference is usually
not the same, in the sense that the estimated causal effect explicitly refers to
a specific subgroup of individuals within the PS framework, whereas it refers
to the whole population within the selection model setting. Furthermore, un-
der alternative hypothesis on the strata, the equivalence cannot be stated, so
that the results are not general and not easily generalizable.

In what follows we first focus on a hypothetical simple empirical setting
in order to show, by simulations, differences in models assumptions and dif-
ferences in performance of the estimator under the two approaches. More
general complications will be introduced and analyzed in subsequent sec-
tions.

5 Empirical setting and simulation exercise
We first consider the following simplified setting in the field of evaluation of
financial aids to firms. Let T be a binary treatment which represents public
financial assistance to firms (T = 1 for treatment and T = 0 for no treat-
ment). We assume that T is unconfounded given a vector of pre-treatment
covariate X. We assume a single continuous covariate X which can be con-
sidered a univariate summary of the pre-treatment variables (e.g., propensity
score); the intermediate post-treatment variable Q represents the response to
a post-treatment questionnaire on firms’ performances, the outcome variable
of interest being the turnover Y . So we are facing the post-treatment compli-
cation of a nonignorable missing mechanism of the outcome variable. This
artificial setting is consistent with evidence from the real world, where typ-
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ically missingness on turnover variables can rarely be assumed missing at
random3.

Note that, within this context and in the absence of exclusion restrictions,
it would not be possible to nonparametrically point identify treatment effects
and most of the semiparametric versions of the selection models would re-
quire instruments. For these reasons, we decide to stay within a parametric
setting, exploring the different nature of the parametric assumptions of the
two approaches.

Given these premises, we first simulate under a parametric sample se-
lection model and estimate the causal effect using both approaches; we then
simulate under the principal strata model, again estimating the causal effect
using both methods.

5.1 Simulating under SM
We assume the following data generating processes4:

log(Y) = α + βX + γT + u1 (4)

Q∗ = ω + aX + bT + u2

where u1 ∼ N(0, σ1 = 1), u2 ∼ N(0, σ2 = 1) and corr(u1, u2) = ρ =

{−0.2,−0.5}. Y is observed only for Q∗ > 0, and α = 12.5, β = 1.5,
γ = 1,ω = −0.15, a = 0.82 and b = 0.76. T is assumed to follow a logit
model:

Pr(T = 1|X) =
exp(c + dX)

1 + exp(c + dX)

where c = 0.5 and d = 1.3.
We first draw a random sample of size n = 1000 of X from a standard

normal distribution; we then simulate 1000 samples of size n for Y,T , and
Q∗.

Concerning the estimand of interest in the main equation, the causal ef-
fect in log-scale is measured by the parameter γ and is thus assumed constant;
moreover, in the selection equation, monotonicity of T with respect to Q is
implied by the model specification, i.e., Q∗(T = 1) ≥ Q∗(T = 0). Trying
to bridge the specified selection model with the underlying latent strata and
using notation introduced in section 2, we can derive the following corre-
spondence:

3For example, Mattei and Mauro (2007), from a survey of Tuscan artisan enterprises, found
evidence of nonignorability of nonresponse.

4Only some simulation results are reported in the paper, which are representative of the main
conclusions drawn from the MonteCarlo study using different scenarios for the parameters’ values.
All scenarios have been suggested by empirical evidence on real case studies concerning Italian
firms (where Y is expressed in euros). As far as the correlation parameter is concerned, a grid of
negative values have been considered, consistenly with the evidence of negative correlation between
non response propensity and level of turnover.
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• {i : u2i > −ω − xia} ≡ {i : Qi(1) = Qi(0) = 1}, now denoted as RR
stratum;

• {i : −ω−b− xia < u2i < −ω− xia} ≡ {i : Qi(1) = 1,Qi(0) = 0}, denoted
as RN stratum;

• {i : u2i < −ω − b − xia} ≡ {i : Qi(1) = Qi(0) = 0}, denoted as NN
stratum.

As previously noted, monotonicity is implicitly assumed and implies that the
NR stratum ({i : Qi(1) = 0,Qi(0) = 1}) is empty.

Model 4 is estimated by full maximum likelihood, under the stated para-
metric assumptions.

We now show how the same empirical setting can be formalized within
the PS framework, define the causal effect within this framework, and, using
the same simulated datasets, estimate the causal effect by maximizing the
likelihood implied by the Principal Stratification.

There are potentially three latent strata within each cell defined by pre-
treatment covariate X:

RR = {i : Qi(1) = Qi(0) = 1} with proportion πRR

RN = {i : Qi(1) = 1,Qi(0) = 0} with proportion πRN

NN = {i : Qi(1) = Qi(0) = 0} with proportion πNN

The causal effect of interest is the effect within the RR stratum, because only
for individuals belonging to the stratum we have observations on both Y(1)
and Y(0). In order to form the likelihood, it is necessary to state the corre-
spondence between observed groups defined by T and Q and latent strata, as
shown in the following table:

Observed subgroups O(T,Q) Turnover Y Latent strata
O(1, 1) = {i : Ti = 1,Qi = 1} OBS RR or RN
O(1, 0) = {i : Ti = 1,Qi = 0} · NN
O(0, 1) = {i : Ti = 0,Qi = 1} OBS RR
O(0, 0) = {i : Ti = 0,Qi = 0} · RN or NN

Note that two of the four observed groups results from a mixture of two prin-
cipal strata; however, unlike standard mixture models, some units have zero
probability of belonging to some strata and this may facilitate disentangling
mixture.
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We specify the likelihood function, considering the contribution of each
observed subgroup separately, making parametric assumptions that are con-
sistent with the DGP. Specifically, we assume lognormality of Y conditional
on the principal strata:

f (log(YT=1)|RR, X) ∼ N(αT=1,RR + βT=1,RRX, σT=1,RR) (5)

f (log(YT=0)|RR, X) ∼ N(αT=0,RR + βT=0,RRX, σT=0,RR)

f (log(YT=1)|RN, X) ∼ N(αT=1,RN + βT=1,RN X, σT=1,RN)

Because the DGP implies a constant treatment effect, we impose the follow-
ing restrictions: βT=1,RR = βT=0,RR = βT=1,RN = β. We further assume that
σT=1,RR = σT=0,RR = σT=1,RN = σ. The distribution of the principal strata is
modelled as a multinomial logit, where:

πRR|X =
exp(δRR + γRRX)

1 + exp(δRR + γRRX) + exp(δRN + γRN X)
(6)

πRN |X =
exp(δRN + γRN X)

1 + exp(δRR + γRRX) + exp(δRN + γRN X)

πNN |X = 1 − πRR|X − πRN |X

Denoting θ = {αT=1,RR, αT=0,RR, αT=1,RN , β, σ, δRR, γRR, δRN , γRN}, we can now
write the likelihood function as follows:

L(θ|X,T,Q, log(Y)) ∝
∏

i∈O(1,1)

[πRRi Ni(αT=1,RR+βXi, σ)+πRNi Ni(αT=1,RN+βXi, σ)]

×
∏

i∈O(1,0)

πNNi ×
∏

i∈O(0,1)

[πRRi Ni(αT=0,RR + βXi, σ)] ×
∏

i∈O(0,0)

[πRNi + πNNi ]

Note that, while identifiability in the selection model is driven by the joint
normality assumption for the distribution of error terms, within the PS likeli-
hood identification is achieved thank to results of finite mixture distribution
theory (see e.g., McLachlan and Peel, 2000). Indeed, likelihood results in a
finite mixture distribution and identification is straightforward, except when
πRR = πRN .

In Table 2 we report the results of our MonteCarlo analysis, where Di f f =

αT=1,RR − αT=0,RR is the difference between the intercepts, and is thus an es-
timate of the causal effect within the RR stratum, to be compared with the
estimate of γ from the selection model approach.

It is evident from the results that, despite the fact that the PS framework
does not reflect exactly the DGP, the estimation of the causal effect through
PS performs as well as the one for γ (see also Fig. 5.1 and Fig.5.1 ), espe-
cially for relatively small values of ρ. In fact, for small correlation values
data do not carry a lot of information on the parameters (the likelihood of
selection models is rather flat), so the performances of the two approaches
are more or less equivalent.
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ρ = −0.2 ρ = −0.5
Parameter Mean Q1 Q3 Parameter Mean Q1 Q3
γ 1.03 0.89 1.14 γ 1.03 0.91 1.11
ρ -0.13 -0.37 0.07 ρ -0.44 -0.62 0.34
αT=1,RR 13.33 13.17 13.48 αT=1,RR 13.12 12.98 13.24
αT=0,RR 12.31 12.26 12.37 αT=0,RR 12.03 11.98 12.09
Di f f 1.02 0.85 1.18 Di f f 1.09 0.94 1.24

Table 2: Estimation results under selection model as data generating process: Mon-
teCarlo average, 1th and 3rd quartile over 1000 replications
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Figure 1: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
under selection model, ρ = −0.2

5.2 Simulating under PS
Previous section shows that the performances of the two approaches is simi-
lar when the data are generated under the SM assumptions. We now investi-
gate their performances when data are simulated under the PS approach. We
still assume a logit model for treatment T , with c = 0.5 and d = 1.3. We
assume a multinomial logit for the distribution of principal strata, as in (6),
where

δRR = 0.5, γRR = 2

δRN = 0.1, γRN = 1

The multinomial logit parameters were chosen in such a way, so that the pro-
portions of the strata are similar to those implied by the previously simulated
selection model. Furthermore, we specify a lognormal model for turnover,
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Figure 2: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
under selection model, ρ = −0.5

as in (5), with the following parameters:

αT=1,RR = 12, βT=1,RR = 2, sdT=1,RR = 1

αT=0,RR = 11, βT=0,RR = 2, sdT=0,RR = 1

αT=1,RN = 13, βT=1,RN = 2, sdT=1,RN = 1

Results, reported in Table 3, show the bad performance of the maximum
likelihood estimator of the selection model: the MonteCarlo average estimate
of γ has a large positive bias, highlighting that the bivariate normality is not
appropriate to model the selection process. This is confirmed by the estimate
of ρ, which is not significantly different from zero in 946 samples over 1000.

Parameter Mean Q1 Q3
γ 1.33 1.20 1.45
ρ∗ -0.11 -0.33 0.09
αT=1,RR 12.03 11.93 12.10
αT=0,RR 11.00 10.94 11.06
Di f f 1.03 0.91 1.13
∗946 cases with ρ not significantly different from zero

Table 3: Estimation results under principal stratification as data generating process:
MonteCarlo average, 1th and 3rd quartile over 1000 replications
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Figure 3: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
under principal stratification

5.2.1 Testing parametric assumptions

Within the PS approach, we specify the distribution of the outcome variable
conditional on the principal strata, we are also specifying the distribution
conditional on observed groups, which usually results as a mixture of para-
metric distributions. We may question whether such parametric distribution
describes the data in a sufficiently satisfying manner. That is, given a specific
sample, if we can justify the use of a parametric density function. In order
to test whether a parametric density function describes the data accurately
enough in a statistical sense, we can make use of nonparametric confidence
bands derived from a nonparametric density estimation procedure. For ex-
ample, to see whether the sample provides some justification for the use of
a mixture of log-normal densities (as in the simulated example) for the out-
come within the observed group {i : Ti = 1,Qi = R}, we can compute the
95bands around a nonparametric density estimate5. We then test the para-
metric mixture hypothesis at a 5% significance level, checking if the para-
metrically estimated mixture is globally within the confidence bands. If the
parametric density has some points out of the bands, the data ”rejects” the
log-normal mixture as the ”true” distribution. In our case the null hypothesis
is accepted, consistently with the way data were simulated.

Given our observational setting, all the distribution we specify are con-
ditional on the covariates, so that the parametric distribution that we must
compare with the nonparametric bands is the average of the following condi-

5Here we use a kernel density estimation with a Gaussian kernel and optimal bandwidth selected
using the Silverman rule (Silverman, 1986) and global confidence bands

15



tional density:
π̂RR|x · f̂ (YRR

1 |x) + π̂RN |x · f̂ (YRN
1 |x)

over the distribution of X. This is consistent with the nonparametric estima-
tion of the density of Y based on the observed data (see figure 4). Besides the
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Figure 4: Estimated mixture for group {i : Ti = 1,Qi = R} and nonparametric
density estimation with 95% level confidence bands

use of nonparametric confidence bands as a formal diagnostic tool, nonpara-
metric density estimation can also be used as a graphical tool to guide the
parametric specification of the mixture. This is particularly true in an exper-
imental setting, where conditioning on the covariates is not required, so that
the shape of the nonparametric density can directly suggest the distributional
assumptions.

5.2.2 Checking robustness with respect to parametric assump-
tions

Sofar the likelihood used to estimate causal effect has been consistent with
the DGP; we now want to show if the two approaches are robust with respect
to misspecification of the parametric assumptions on the distribution of the
outcome. With this respect, we present results of a small simulation study, as
in section 5.2, where we specify a conditional student t distribution, instead
of a normal distribution, for logY. In doing that, we maintain the same value
for the causal effect within the RR stratum, equal to 1 in log scale.
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Results, reported in Table 4, confirm the lack of robustness of the selec-
tion model, as previously noted, among others, in Little (1985) and Copas
and Li (1997). As far as the PS estimation is concerned, the effect results
positively biased, although the magnitude of the bias is smaller than the one
of γ, which is also evident from the comparison of the histograms.

Student t distribution (5 df)
Parameter Mean Q1 Q3
γ 1.51 1.26 1.79
αT=1,RR 12.28 12.11 12.43
αT=0,RR 11.00 10.92 11.09
Di f f 1.28 1.08 1.46
1000 replications

Table 4: Estimation results under PS with non normality as DGP: MonteCarlo
average, 1th and 3rd quartile over 1000 replications

GAMMA

F
re

qu
en

cy

0.5 1.0 1.5 2.0 2.5

0
50

10
0

15
0

20
0

DIFF

F
re

qu
en

cy

0.5 1.0 1.5 2.0

0
50

10
0

15
0

20
0

25
0

Figure 5: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
allowing for non-normality under PS

Even if the PS approach seems to be more robust with respect to mis-
specification, it leads to biased results. We now want to check, using the
testing procedure proposed in previous section, if under the PS approach the
misspecified Gaussian model would be rejected. The estimated mixture for
group {i : Ti = 1,Qi = R} and the nonparametric density estimation with 95%
level confidence bands, reported in Figure 5.2.2, show a substantial lack of
fit in the tails of the distribution; in addition, in the central part the estimated
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distribution, although within the bands, is far from the non parametric one
and squeezed to the lower band.
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Figure 6: Estimated mixture for group {i : Ti = 1,Qi = R} and nonparametric den-
sity estimation with 95% level confidence bands (DGP allowing for non-normality
under PS)

6 Allowing for non-monotonicity
As said before, the standard selection model implicity assumes monotonicity
and indeed all the equivalence results concerning PS and SM are derived
under this assumption. In order to remove this assumption within the SM
framework, we need in general to specify a selection model with two versions
of Q∗ and Y corresponding to the potential outcomes associated with the two
treatment levels T = 0 and T = 1:

Y(1) = α1 + β1X + u1
1 (7)

Q∗(1) = ω1 + a1X + u1
2

Y(0) = α0 + β0X + u0
1 (8)

Q∗(0) = ω0 + a0X + u0
2

Monotonicity does not hold because, depending on the values of X and u1
2

and u0
2, it can be Q∗(1) Q Q∗(0). The two models (7) and (8) are estimated

separately, using observations with T = 1 or T = 0, respectively.
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The causal effect, conditional on X, of T on Y is estimated as

(α̂1 + β̂1x) − (α̂0 + β̂0x),

so that the causal estimand is the following:

E(Y(1) − Y(0)|X = x),

i.e., the effect on Y for the whole population (with given characteristics X =

x), irrespective of a unit being observed as respondent or non-respondent.
Note that if one want to focus on the following treatment effect

E(Y(1) − Y(0)|X = x,Q(1) = 1,Q(0) = 1),

i.e., the effect on Y for those who would respond irrespective of being treated
or not (our RR group), models (7) and (8) do not allow to point identify and
estimate it, because the correlations between u1

2 and u0
2, between u0

1 and u1
2

and between u1
1 and u0

2 are not identified with the model assumptions (the
correlations never appear in the likelihood function). The effects can only be
bounded. It must be pointed out that the group of units such that Q(1) = 1
and Q(0) = 1 are the only ones for which there is a “direct” evidence on Y
under both treatment and control.

Furthermore, as shown by Heckman (1990), there are problems in esti-
mating treatment effects with non and semiparametric versions of selection
models (7) and (8), because the intercepts cannot be disentangled from the
error correction terms, so that mean outcome levels cannot be estimated and
compared. In such cases the “only” way to keep the semiparametric specifi-
cation and estimate treatment effects is via identification at infinity.

For simulation purposes, we specify a simplified version of models (7)
and (8), formulating a single equation for the log-turnover log(Y), so that the
effect is constant and captured by the parameter γ:

log(Y) = α + βX + γT + u1 (9)

Q∗(1) = ω1 + a1X + u1
2

Q∗(0) = ω0 + a0X + u0
2

For the data generating process we assume: α = 12.5, β = 1.5, γ = 1,
ω1 = 0.61, a1 = 0.5, ω0 = −0.15, a0 = 0.82, where u1 ∼ N(0, σ1 = 1),
u1

2 ∼ N(0, σ1
2 = 1), u0

2 ∼ N(0, σ0
2 = 1), corr(u1, u1

2) = ρ1 = −0.3 and
corr(u1, u0

2) = ρ0 = −0.2.
Estimation results with both SM and PS are reported in Table 5, where

the very good performance of PS is evident, given that the estimates of Di f f
are even less disperse around the true parameter value than the estimates of
γ (see also Figure 6).
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Parameter Mean Q1 Q3
γ 1.00 0.79 1.19
αT=1,RR 13.27 13.05 13.47
αT=0,RR 12.27 12.14 12.40
Di f f 1.00 0.81 1.18

Table 5: Estimation results allowing for non-monotonicity under generalized SM
as data generating process : MonteCarlo average, 1th and 3rd quartile over 1000
replications
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Figure 7: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
allowing for non-monotonicity under SM

As in previous sections, we also use the PS framework as DGP, with the
following model specification. We still assume a multinomial logit for the
distribution of the four principal strata, as in (6), where:

δRR = 0.5, γRR = 2

δRN = αNR = 0.05, γRN = γNR = 0.6

We specify a lognormal model for turnover, as in (5), where:

αT=1,RR = 12, βT=1,RR = 2, sdT=1,RR = 1

αT=0,RR = 11, βT=0,RR = 2, sdT=0,RR = 1

αT=1,RN = 13, βT=1,RN = 2, sdT=1,RN = 1

αT=0,NR = 14, βT=0,NR = 2, sdT=0,RN = 1
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Table 6 shows an expected relatively good performance of the PS approach,
contrasted by a bad performance of the selection model for which we observe
a marked positive bias in the estimated causal effect. We also observed that,
while the performance of PS is stable over different generated proportions of
the strata6, the SM crashes when the proportion of the RR stratum is low (we
found such an evidence for πRR < 0.20): the estimates of γ are badly biased
and the MonteCarlo variabiliy is huge.

Parameter Mean Q1 Q3
γ 1.34 1.04 1.60
αT=1,RR 12.02 11.92 12.10
αT=0,RR 11.00 10.91 11.09
Di f f 1.04 0.90 1.12

Table 6: Estimation results allowing for non-monotonicity under PS as data gener-
ating process : MonteCarlo average, 1th and 3rd quartile over 1000 replications
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Figure 8: Histogram for γ and Di f f MonteCarlo distributions - 1000 replications
allowing for non-monotonicity under PS

6Remember that, as previously noted, estimation of mixture distributions may be difficult if πRR =

πRN or πRR = πNR.
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7 Adding complications
In previous sections we have shown in a simple “though not trivial” setting
the different features and performances of the PS and SS approaches. From
now on we will deal with several complications, analyzing how parametric
or nonparametric identification can be achieved in the two cases. Generally
speaking, complications may refer to treatment selection on unobservables
(non compliance), non ignorable missingness of the outcome, “censoring due
to death”.

As an illustrative example, we maintain the context of financial aids to
firms, but, first of all, we remove unconfoundedness, so selection depends
on unobservables, and we consider a binary instrumental variable Z, which
represents the firm’s knowledge of the law on financial aids7. Furthermore,
we introduce “censoring due to death” as an additional (to the non response
problem) different source of selection: firms can end their activity before
their post-treatment turnover can be observed.

In order to formalize this new setting we must introduce some notation.
We denote as S the survival indicator at the time of the interview. The vari-
able Z plays the role of treatment assignment, so for unit i in the study
Ti(z),S i(z), Qi(z), Yi(z) (z = 0, 1) are, respectively, the potential treatment
received indicator, the potential survival indicator, the potential response in-
dicator and the potential outcome variable8.

Throughout this example we assume randomization of Z conditional on
pre-treatment covariates X; this implies that:

Assumption 2 : Z ⊥ T (0),T (1), S (0), S (1),Q(0),Q(1),Y(0),Y(1)|X

Principal strata are now defined by the joint value of the six indicators T (0),
T (1), S (0), S (1), Q(0), Q(1). It must be noted that the post-treatment non
response indicator is usually not used to characterize principal strata, but
only the joint values of the other relevant post-treatment variables contribute
to the definition of the strata (Frangakis et al., 2003). As a consequence, each
latent stratum is actually the union of four of our strata (Q being a binary
variable). This collapsing of strata can be justified by a specific assumption
on the non response mechanism, such as Latent Ignorability (Frangakis and
Rubin, 1999). We prefer not to use such ignorability assumption a priori,
because it does not seem defensible in the case of missing turnover.

By construction, because Z = 0 implies T = 0 (if a firm is not aware of
financial aid regulation it cannot have access to financial aid) and so T = 1
implies Z = 1, we can state that there are no “defiers” (T (0) = 1 and T (1) =

0) and there are no “alwaystakers” (T (0) = 1 and T (1) = 1). So, we can

7In Italy regulation on financial aids to firms is manifold and complex, so it is not unusual that a
firm is unaware of it and possibly the knowledge is not directly related to firm’s performance.

8Note that, in what follows, and in the tables in particular, we will assume to be inside a cell
defined by the values of the covariates, so that all assumptions will hold conditional on the covariates.
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only have “complier” firms (T (0) = 0 and T (1) = 1) and “nevertaker” firms
(T (0) = 0 and T (1) = 0).

If we indicate with Zobsi the observed value of the instrument, the ob-
served data are

(
T (Zobsi), S (Zobsi),Q(Zobsi),Y(Zobsi), Xi

)
i = 1, . . . ,N

In the following Table, principal strata and corresponding observed groups
are reported. We denote with a dot a missing value of turnover due to nonre-
sponse and with @ a missing value of Y due to death in order to distinguish
between the two different selection mechanisms.

We can see that, without additional restrictions, the principal strata are
18, but the only one containing information on the effect of T on Y is G =

9. Indeed, this is the only stratum where firms are observed receiving and
not receiving the treatment T and both Y(0) and Y(1) can be observed and
compared (they survive and respond under both treatment and control).

Note that also for stratum G = 18 can both Y(0) and Y(1) be observed,
although their comparison would not inform us on the effect of T on Y , but
rather on the effect of Z on Y .

Because we have not assumed any kind of ignorability of not response
so far, the stratum and the causal effect we focus on is different from the
estimand of other works (see, for example, Frangakis et al., 2003; Mattei and
Mealli, 2007).

Against the latent strata, the observed groups, defined by the values of
Z, Tobs, S obs and Qobs, are only 9, so that each observed group can be
generated by more than one latent stratum. As an example, the observed
groups {0, 0, 1, 1} and {1, 1, 1, 1} may result not only from latent stratum G =

9, but also from latent strata G = 3, 5, 7, 8, 14 and 17.
The general aim of our inference is, first of all, to estimate the propor-

tions of the strata and, second, to estimate the parameters of the induced
mixture distributions within observed strata, in order to obtain the estimate
of the outcome distribution conditional on the principal strata. In order to
identify these quantities, different strategies can be exploited, some of which
are assumptions aiming at reducing the number of latent strata. Plausibility
of these assumptions depends on the empirical context and actual data; so the
examples presented here should not be considered as having general validity.
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Principal Strata(T,S,Q) Turnover Observed Groups
COMPLIERS

G T(0) T(1) S(0) S(1) Q(0) Q(1) Y(0) Y(1) Z Tobs S obs Qobs
1 0 1 0 0 @ @ @ @ 0 0 0 @

1 1 0 @
2 0 1 0 1 @ 0 @ · 0 0 0 @

1 1 1 0
3 0 1 0 1 @ 1 @ OBS 0 0 0 @

1 1 1 1
4 0 1 1 0 0 @ · @ 0 0 1 0

1 1 0 @
5 0 1 1 0 1 @ OBS @ 0 0 1 1

1 1 0 @
6 0 1 1 1 0 0 · · 0 0 1 0

1 1 1 0
7 0 1 1 1 0 1 · OBS 0 0 1 0

1 1 1 1
8 0 1 1 1 1 0 OBS · 0 0 1 1

1 1 1 0
9 0 1 1 1 1 1 OBS OBS 0 0 1 1

1 1 1 1
NEVER TAKERS

10 0 0 0 0 @ @ @ @ 0 0 0 @
1 0 0 @

11 0 0 0 1 @ 0 @ · 0 0 0 @
1 0 1 0

12 0 0 0 1 @ 1 @ OBS 0 0 0 @
1 0 1 1

13 0 0 1 0 0 @ · @ 0 0 1 0
1 0 0 @

14 0 0 1 0 1 @ OBS @ 0 0 1 1
1 0 0 @

15 0 0 1 1 0 0 · · 0 0 1 0
1 0 1 0

16 0 0 1 1 0 1 · OBS 0 0 1 0
1 0 1 1

17 0 0 1 1 1 0 OBS · 0 0 1 1
1 0 1 0

18 0 0 1 1 1 1 OBS OBS 0 0 1 1
1 0 1 1
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For example, we can assume monotonicity with respect to S (financial
aids cannot reduce the surviving probability):

Assumption 3 : S (1) ≥ S (0)

which implies that four principal strata do not exist, as shown in Table 7.

Principal Strata(T,S,Q) Turnover
COMPLIERS

G T(0) T(1) S(0) S(1) Q(0) Q(1) Y(0) Y(1)
1 0 1 0 0 @ @ @ @
2 0 1 0 1 @ 0 @ ·
3 0 1 0 1 @ 1 @ OBS
6 0 1 1 1 0 0 · ·
7 0 1 1 1 0 1 · OBS
8 0 1 1 1 1 0 OBS ·
9 0 1 1 1 1 1 OBS OBS

NEVER TAKERS
10 0 0 0 0 @ @ @ @
11 0 0 0 1 @ 0 @ ·
12 0 0 0 1 @ 1 @ OBS
15 0 0 1 1 0 0 · ·
16 0 0 1 1 0 1 · OBS
17 0 0 1 1 1 0 OBS ·
18 0 0 1 1 1 1 OBS OBS

Table 7: Principal strata under Assumptions 2 and 3.

An additional way of reducing the number of strata is by imposing some
kind of exclusion restriction. In our context it can be reasonably assumed
that for nevertakers (NT) survival is not affected by the knowledge of law:

Assumption 4 : S (1) = S (0)|NT

which implies the exclusion of two latent strata (see Table 8). A consequence
of Assumption 4 is that Z ⊥ S (Z)|NT, X.

Furthermore, we can assume that compliers (C) have the same response
behavior irrespective of the knowledge of law:

Assumption 5 : Q(1) = Q(0)|C
leaving out other two latent strata (see Table 9). As above, a consequence of
Assumption 5 is that Z ⊥ Q(Z)|C, X.
We still have 9 observed groups against 10 latent strata, so we cannot non-
parametrically identify the proportion of the strata; we could however derive
nonparametric bounds on these proportions and consequently derive bounds
for the causal effect within the G = 9 group.
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Principal Strata(T,S,Q) Turnover
COMPLIERS

G T(0) T(1) S(0) S(1) Q(0) Q(1) Y(0) Y(1)
1 0 1 0 0 @ @ @ @
2 0 1 0 1 @ 0 @ ·
3 0 1 0 1 @ 1 @ OBS
6 0 1 1 1 0 0 · ·
7 0 1 1 1 0 1 · OBS
8 0 1 1 1 1 0 OBS ·
9 0 1 1 1 1 1 OBS OBS

NEVER TAKERS
10 0 0 0 0 @ @ @ @
15 0 0 1 1 0 0 · ·
16 0 0 1 1 0 1 · OBS
17 0 0 1 1 1 0 OBS ·
18 0 0 1 1 1 1 OBS OBS

Table 8: Principal strata under Assumptions 2, 3 and 4.

Bounds can be sharpened by adding assumptions that allow to point iden-
tify the proportion of strata; for example assuming monotonicity of non re-
sponse for never takers eliminates stratum G = 17, so that we are left with
the same number of observed and latent groups. Alternatively, restrictions
on turnover distribution would also make bounds sharper. One of such re-
striction could be a form of stochastic dominance: the distribution of Y(z) for
a particular stratum stochastically dominates the distribution of Y(z) for an-
other stratum. For example, we could assume that the distribution of turnover
Y(1) for compliers, who survive under both treatment and control, stochasti-
cally dominates the distribution of Y(1) for compliers who survive only under
treatment:

F(Y(1) = y|G = 9) ≤ F(Y(1) = y|G = 3)

where F denotes the distribution function of turnover. All these forms of
stochastic dominance across strata differ from the ones used, for example, by
Manski (2003), where the assumption involve the comparison of the distri-
bution of different potential outcomes.

In order to achieve point identification of the effect on turnover for the
G = 9 group, restrictions on covariates’ effect can also be exploited. For
example, assume that latent stratun G = 17 does not exist, so that the pro-
portions of the 9 latent strata can be identified and estimated by a method of
moment approach. Remind that the effect we are interested in is an average
treatment effect9, E(Y(1) − Y(0)|G = 9), and suppose we only have one co-
variate X with three levels (for example three different sectors of economic

9Note that, if we assume latent ignorability conditional on the principal strata defined by T and
S , then the effect for the G = 9 group can be extended to the G = 6 group of non respondents, i.e. to
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Principal Strata(T,S,Q) Turnover Observed Groups
COMPLIERS

G T(0) T(1) S(0) S(1) Q(0) Q(1) Y(0) Y(1) Z Tobs S obs Qobs
1 0 1 0 0 @ @ @ @ 0 0 0 @

1 1 0 @
2 0 1 0 1 @ 0 @ · 0 0 0 @

1 1 1 0
3 0 1 0 1 @ 1 @ OBS 0 0 0 @

1 1 1 1
6 0 1 1 1 0 0 · · 0 0 1 0

1 1 1 0
9 0 1 1 1 1 1 OBS OBS 0 0 1 1

1 1 1 1
NEVER TAKERS

10 0 0 0 0 @ @ @ @ 0 0 0 @
1 0 0 @

15 0 0 1 1 0 0 · · 0 0 1 0
1 0 1 0

16 0 0 1 1 0 1 · OBS 0 0 1 0
1 0 1 1

17 0 0 1 1 1 0 OBS · 0 0 1 1
1 0 1 0

18 0 0 1 1 1 1 OBS OBS 0 0 1 1
1 0 1 1

Table 9: Principal strata and observed groups under Assumptions 2, 3, 4 and 5

activity). We focus on the two observed groups (0, 0, 1, 1) and (1, 1, 1, 1),
for which we can obtain the six turnover sample means ȲX=i

(0,0,1,1) and ȲX=i
(1,1,1,1),

i = 1, 2, 3. Each sample average can be written as a weighted average of two
latent strata turnover averages:

ȲX=i
(0,0,1,1) = Ȳ1

G=3,X=i · π̂G=3,X=i + Ȳ1
G=9,X=i · π̂G=9,X=i

ȲX=i
(1,1,1,1) = Ȳ0

G=9,X=i · π̂G=9,X=i + Ȳ0
G=18,X=i · π̂G=18,X=i

This system does not have a unique solution, because there are 6 equations
and 12 unknowns (Ȳ1

3,X=i, Ȳ1
9,X=i, Ȳ0

18,X=i,Ȳ
0
9,X=i, i = 1, 2, 3). However, if we

assume that the effect of X on turnover is constant across strata, ȲT
G,X=i =

ȲT
G,X=1 + ki, i = 2, 3, the number of unknowns becomes equal to the number

of equations, i.e. six. Similar strategies have been suggested by Jo (2002), to
remove exclusion restriction in an IV context, and by Frangakis (2006).

An alternative strategy, that does not necessarily require to match the
number of latent and observed groups, is to parametrize the distribution

the complier firms surviving under both treatment and control.
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of the outcome conditional on the principal strata, within cells defined by
the covariates. As a result, observed distributions are mixtures of paramet-
ric distributions analogously to the specification used in section 5: mixture
weights as well as parameters of the distributions can be identified and esti-
mated by maximum likelihood exploiting standard finite mixture model the-
ory (McLachlan and Peel, 2000).

While specifying these distributions conditional on covariates, one can
also impose restrictions on some parameters, which in general differ depend-
ing on the values of the covariates. These restrictions may a) improve esti-
mation in terms of efficiency and b) ease identifiability when this is driven
by parametric specification.

7.1 Specifying complications with selection models
In the presence of complications, as the ones introduced in the PS framework (treatment
selection on unobservables, censoring due to death and non response), a standard fully
parametrized selection model would be specified as follows:

Y = α + βX + γT + u1 (10)

Q∗ = ω + aX + bT + u2

S ∗ = ψ + θX + ηT + u3

T ∗ = φ + δX + u4

where Y is observed only for Q∗ > 0 and S ∗ > 0. Multivariate parametric
distribution of the error terms would allow identification of model (10), even
if the absence of instruments will generally create problems in the estimation
process. In case some credible sources of exogenous variation can be found,
in the form of an instrumental variable Z, this would be in general included
in the model as below:

Y = α + βX + γT + u1 (11)

Q∗ = ω + aX + bT + u2

S ∗ = ψ + θX + ηT + u3

T ∗ = φ + δX + λZ + u4

Note that the assumptions of randomization and exclusion restrictions of Z
with respect to Q, S and Y are all implicitly assumed in model (11). As a
consequence, this specification does not allow to pose exclusion restrictions
only for specific subgroups of units.

Parametric assumptions, especially related to the distribution of error
terms in the selection equations (u2, u3 and u4) can be relaxed by imposing
additional restrictions on X, because in this case instrumental variables are
required also for Q and S (Das et al., 2003). Consequently, non or semipara-
metric identification is gathered by exploiting assumptions that are in general
different from the ones we have shown previously within the PS framework.
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8 Concluding remarks
In this paper we have shown two approaches for dealing with “endogenous
selection” problems when estimating causal effects, namely selection models
and principal stratification.

Within a parametric setting, we have investigated the different nature of
their parametric hypotheses and, in a relatively simple framework, we have
demonstrated, by simulating under different parametric specifications, the
better performance and robustness of PS. Specifically, under a SM data gen-
erating process, both approaches provide estimates of the causal effect that
are consistent with the DGP. On the other hand, simulating under a PS model,
we find a substantial failure of SM in estimating the causal effect.

In a more complicated setting, which includes more than one post-treatment
complications, we have shown how PS is able to suggest alternative identifi-
cation strategies, not always easily translated into a selection model. Identi-
fiability, within the PS approach, can be achieved if the number of different
(sampling) statistics (containing non overlapping pieces of information) is
not less than the number of unknowns, characterizing the distribution of po-
tential outcomes and principal strata. With this respect, identifiability can be
pursued following different strategies. To summarize, identification can be
achieved by:

1. reduction of the number of strata by construction or by assumptions
(monotonicity with respect to some post-treatment variables, exclusion
restrictions on the intermediate variables);

2. restrictions on potential outcome distributions (e.g., exclusion restric-
tions on the outcome, stochastic dominance);

3. restrictions based on covariates (e.g., relative or absolute effects as-
sumed to be constant across values of some covariates);

4. restrictions on the parametric specification of the outcome distribution
(e.g., assuming specific parametric distribution for the outcome, incor-
porating assumptions in 1, 2, 3). By restricting some of the parameters
one may: a) improve estimation in terms of efficiency if identifiabil-
ity can be nonparametrically achieved, b) obtain identifiability when it
cannot be nonparametrically achieved.

As most of the assumptions are conditional on covariates, it must be noted
that sometimes parametric hypotheses are required, because, in finite samples
it is infeasible to work within cells defined by the covariates, in particular
if they are continuous. Parametrization is also required if the number of
strata is large, which happens when post-treatment variables are a lot and/or
they can assume many different values. However, the assumptions embedded
in a parametric model are more explicit, in terms of the behavior of units,
than the ones characterizing SM. Furthermore, the parametric hypotheses
imply directly assumptions on the distribution of the observed data. These
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hypotheses are, thus, easier to interpret and to judge in terms of plausibility
than SM assumptions, which concern error terms, and, finally, they can be
more easily empirically tested.
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