


University of Florence

School of Economics and Management

Master degree in

Statistics, Actuarial and Financial Sciences

A Bayesian Multivariate Probit Model

to Validate Case-Finding Algorithms

In Health Science Database Studies

Candidate: Advisor:

Benedetta Bellini Prof. Leonardo Grilli

Academic Year 2016-2017



To my family



The only thing I know is that I don’t

know anything

Socrates



ABSTRACT

Abstract

Italy has a universal coverage healthcare system. Administrative data are collected

on a large set of services provided to the population in a uniform fashion through-

out the country; Italian Administrative Databases represent a source which can be

exploited in order to make health policy decisions. MATRICE is a 2011 project of

the Italian National Agency for Regional Services (AGENAS), with the objective of

developing tools to compare healthcare quality of some chronic diseases across Italian

regions. A later study, connected to the initiative, estimated sensitivity (SE) and

positive predictive value (PPV), two analytically interrelated validity indices of a list

of case-finding algorithms (CFAs) which detect pathologies from databases. This the-

sis focuses on their estimation in a generalization perspective: a model framework is

searched in order to identify, for each disease-CFA couple, which measure between

SE and PPV is less variable across the five regions involved in the study. Thus, when

applying it to new data, for example to areas other than the ones considered, both

indices could be predicted.

A dataset from the MATRICE project is used. A generic record corresponding to a

patient contains a binary value for both the algorithm classification and the real health

status, as well as individual covariates. Thus, the response variable is bivariate and

binary, and the two outcome elements are potentially correlated. A simulation-based

Bayesian analysis of such data is provided using the multivariate probit model (MVP).

In this class of models, the response components are assumed to take their values

based on the latent components of a multivariate Gaussian distribution. The posterior

distribution of the framework parameters and the posterior predictive distribution of a

generic observation are simulated according to Monte Carlo Markov chain methods, by

implementing a Gibbs sampler with a Metropolis step for the correlation coefficient

and a data augmentation step for the latent missing variables. However, further

research should be devoted to improve the computational efficiency.

The results are consistent with those found in the MATRICE project: generally,

SE is lower than PPV, except for few algorithms which classify patients as disease-

affected when specific drugs are used. In addition, the positive predictive value seems

to vary across the five regions less than the sensitivity, thus it is more apt to be

generalized. Future work should investigate the statistical properties of SE and PPV

implied by the MVP model. On the basis of the case study, the proposed Bayesian

multivariate probit model represents a new powerful methodology to analyse the

performance of CFAs and evaluate their generalizability.
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1 INTRODUCTION

1 Introduction

Italy has a universal single-payer healthcare system: Local Health Units (LHUs)

collect administrative data about services delivered to their community inhabitants

following common rules, models and instruments. Information ranging from atten-

dance and costs to people health status is gathered on inpatient case, dispensed drugs,

delivery of medical exams and secondary care. Chronic diseases impose an increasing

burden on the Italian aging population and are a major threat to sustainability of the

healthcare system. As Italian Administrative Databases are available for secondary

analysis to health policy makers, their use to detect patients with chronic conditions

would allow surveillance, planning, monitoring of quality healthcare, as well as as-

sessment of impact of new organizational models on relevant health and quality of

outcomes. In such context, variables are derived from existing data sources, by mean

of data processing. This action mimics the traditional data collection process, but is

in fact new: the "true" variables should now be conceptualized as unobserved quan-

tities, and the study variables entering the actual analysis should be considered as

measurements, resulting from a case-finding algorithm applied to the original data.

The difference between reality and the result of a classification algorithm can be as-

sessed by validation studies. Sensitivity (SE), specificity (SP), positive predictive

value (PPV) and negative predictive value (NPV) are often computed, when possible,

as validity indices of a case-finding algorithm. They are linked each other by a system

of equations and they depend on multiple characteristics of the databases used, for

instance, completeness of data collection, accuracy in coding habits, granularity of

coding systems and organization of healthcare systems in the geographic area where

data is collected. All those factors are subject to change from one database to another

and also over time; therefore, generalizing estimates of a CFA validity parameters out-

side the environment where a validation study has been executed, despite useful, is

questionable and difficult.

The MATRICE project was started in 2011 by the Italian National Agency for

Regional Health Services (AGENAS) with the Italian Ministry of Health approval.

It has the purpose of developing tools that exploit Italian Administrative Databases

to improve standards of care across the country for some chronic diseases. In this

context, several case-finding algorithms (CFAs) have been proposed to identify pa-

tients with diabetes 2 mellitus (T2DM), hypertension and ischaemic hearth disease

(IHD), exploiting data from discharging diagnoses, drug utilization or utilization of

other healthcare services. Some studies have already been performed to validate these
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1 INTRODUCTION

algorithms from the IAD against the case identification in primary medical records

that do have the three pathologies status: sensitivity, specificity, positive predictive

value and negative predictive value have been computed and investigated as measures

of accuracy. Such background represents the application of this thesis, whose main

objective is to formulate a model framework in order to detect, for each pathology

and each case-finding algorithm considered, which measure between SE and PPV is

more stable, in terms of variability, across the Italian regions involved in the study.

Thus, the index with lower variance is more appealing in a generalization perspective:

it must be preferred as estimate of accuracy when the algorithm is applied to new

data. The multivariate probit model (MVP) is proposed, considering that the re-

sponse variable on a generic individual simultaneously measures his real health status

and the one classified by the algorithm, two outcomes that are potentially correlated.

Correlated binary data arise in many applications. Examples range from the study

of group randomized clinical trials to consumer behaviour, panel data, sample sur-

veys and longitudinal studies. A central issue in the analysis of such data is model

formulation. An attractive strategy is to use a latent variable model: the observed

binary variables are assumed independent given latent Gaussian variables, which are

correlated and manifest themselves as discrete through a threshold specification. The

multivariate probit model, firstly introduced by Ashford and Snowden (1970), belongs

to this class of models. Despite the fact that the connection to the Gaussian distribu-

tion allows for both flexible modelling of the correlation structure and straightforward

interpretation of parameters, the MVP model is not commonly used yet. It has been

applied mostly in the field of econometrics: for example, in random utility theory,

it represents an alternative to the multivariate logistic model because it relaxes the

independence of irrelevant alternative assumption (IIA), which is not always realis-

tic. In other settings, few applications of the model have appeared and much of its

potential has not been realized till now; for the herein case study, it even seems new

according to the current state of art. The reasons why its use is scarse vary from dif-

ficulties in evaluating the likelihood function to computational problems, especially

when the response is high-dimensional. However, recent advances in computational

and simulation methods make this class of models much more employable.

Both classical and Bayesian methods have been developed for estimation of the

above models. In case of a low-dimensional response, the maximum likelihood estima-

tor can be found numerically, using quadrature methods for solving multidimensional

integrals; however, it becomes quickly intractable as the number of dimensions in-
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1 INTRODUCTION

creases. Other frequentist approaches have been used from the method of simulated

maximum likelihood (Lerman and Manski, 1981) to the method of simulated moments

(McFadden, 1989), variants of the expectation maximization algorithm (Natarajan et

al., 2000) and techniques based on generalized estimation equation (Chaganty and

Joe, 2004). On the Bayesian side, Chib and Greenberg (1998) introduced an ap-

proach that involves a Gibbs sampling algorithm using a data augmentation step for

the multivariate probit model with binary responses. Other work on the Bayesian per-

spective, also with extensions to the multinomial and ordinal response cases, includes

the studies of McCulloch and Rossi (2000), Liu (2001), Liu and Daniels (2006), and

Zhang et al. (2006). In addition to answering to the application research questions,

this thesis aims to formulate a general framework to make inference on the MVP

model following the Bayesian point of view. All the methods ad tools proposed refer

to the multivariate binary probit model, but they could be extended to include the

multinomial and ordinal response cases.

The thesis proceeds as follows: section 2 deals with database studies, their defini-

tion and characterization, giving particular attention to case-finding algorithms and

their validation indices; all these topics, according to the case study presented in

section 3, refer mainly to the contexts of epidemiology and pharmacoepidemiology.

In section 4, the statistical analysis objectives are defined and, among methods, the

multivariate probit model framework is explained. Section 5 contains the results of

both descriptive and posterior analysis, and section 6 contains conclusions.
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2 DATABASE STUDIES

2 Database studies

It is widely accepted that randomized clinical trials (RCT) cannot provide all nec-

essary information about the safe and effective use of medicines at the time they are

marketed. This stems from the inherent limitations of RCTs during drug develop-

ment: they usually have a small sample size that often underrepresents vulnerable

patient groups and they focus on short-term efficacy and safety in a controlled envi-

ronment that is often far from routine clinical practice. Moreover, the RCTs outcome

often fails to answer more relevant questions that doctors and patients face, and epi-

demiologic research must be performed later to define these issues. Although the

focus of pharmacoepidemiology is on post-marketing surveillance of drugs, biologics

and medical devices, the approach has valuable applications in pre-marketing phases

to assess the safety profile of drugs and put them into the natural history context of

the condition they are designed to treat.

Even if pharmacoepidemiology makes use of all epidemiologic study designs and

data sources, in recent years there has been enormous growth in the use of large

healthcare databases. These are made up of the automated electronic recording of

filled prescriptions, professional services and hospitalizations; such data is increasingly

collected routinely for the payment and administration of health services. Beyond this,

electronic medical records often contain detailed clinical information, patients reports

of symptoms, findings of physical examinations and results of diagnostic tests. How-

ever, researchers use more frequently insurance data on submitted claims for specific

services, procedures and pharmaceuticals; this is usually less detailed in its clinical

contents but often representative and complete for very large patient populations,

including elderly patients, children, the very poor and those in nursing homes who

are most often underrepresented or totally excluded in clinical trials.

Database studies are mostly observational and retrospective, with well-developed

methodologies for handling limitations in design, varying from propensity score to

instrumental variables and structural models. Clinical epidemiologists can answer a

wide spectrum of research questions with them, but they must be aware of specific

issues that can compromise their validity and of recent methodological advances to

address these shortcomings. The next subsection summarizes the breadth of research

applications of database studies and the topics that may invalidate them.
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2 DATABASE STUDIES 2.1 Generalities

2.1 Generalities

Research applications of databases vary broadly. Most take advantage of these

datasets strengths: their large size allows the study of rare events; their representa-

tiveness of routine clinical care makes it possible to study real-world effectiveness and

utilization patterns; their availability at relatively low cost and without long delays

makes them accessible and efficient. Some recurrent database studies are:

• Drug utilization studies

Basic information on the prevalence, incidence and duration of drug therapy is

essential for health system planning and for assessing the quality of prescribing.

Such measures can be derived directly from pharmacy dispensing databases,

gross wholesales figures or records of physician prescribing, and this can be

more accurate than exclusively relying on patient recall.

• Study of physician prescribing

Drug utilization research in databases can be used for evaluating the appropri-

ateness of drug therapy. Like any evaluation of the care quality, its usefulness

depends on the validity of indicators of appropriate prescribing. Utilization

databases are well suited to help researchers understand the properties and pre-

dictors of physicians’ decisions. Doctors’ characteristics can be linked to data

on the prescriptions their patients fill; this makes it possible to identify provider

subgroups that are more likely to prescribe suboptimally and who can be tar-

geted for educational interventions.

• Adverse drug effects and risk management

Administrative databases have become a useful data source for researchers and

regulatory agencies to study drugs safety because they include large numbers

of patients often for long periods, which is a useful attribute for the study

of rare events. Retrospective studies that rely on patients’ interview informa-

tion may be subject to recall bias if cases can remember their drug exposure

more accurately than controls. In contrast, pharmacy claims databases accu-

rately record the date of dispensing and cannot be biased by knowledge of the

study outcome, although some exposure misclassification may persist. With

large databases, long cohort studies on the incidence of rare events are equally

readily done using such data. The longitudinal nature of databases and their

availability with short lag times make them well suited to monitor the success of

risk management programs after a drug risk is identified. In population-based
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2 DATABASE STUDIES 2.1 Generalities

databases, it is possible to estimate the proportion of the population exposed

and thus the population-attributable risk as a more policy-relevant measure of

risk.

• Beneficial drug effects

Observational post-marketing studies are usually required to investigate the

effectiveness of drugs in populations often excluded from pre-marketing ran-

domized clinical trials, for example frail elders, children or pregnant women.

Unanticipated beneficial effects may be first documented in such studies. Obser-

vational studies of drug effectiveness can be problematic because of the difficulty

in adjusting confounding, by indication if a beneficial effect is anticipated and if

prescribing is rational, i.e. sicker patients are more likely to receive therapy. A

useful and underutilized application of databases in detecting beneficial effects

is linking utilization databases or disease-specific registries to participants in

clinical trials for active monitoring and for long-term follow-up.

• Health policy research

Utilization databases are useful for evaluating the clinical and economic effects

of drug reimbursement policy changes because they accurately measure actual

utilization and economic outcomes, because they are broadly representative and

because they are large enough to detect small changes in major clinical out-

comes. Interrupted time-trend analyses implemented in longitudinal databases

can provide implicit adjustment for most patient and provider’s characteristics.

Such database studies are able to quantify the expected drug utilization changes

after drug reimbursement restrictions, and to detect increases in nursing home

admissions and temporal increases in physician visits following such restrictions.

In carrying out a database study, some general characteristics of databases must

be considered:

• From patients to records and claims databases

One advantage of healthcare utilization databases, i.e. their representative-

ness of routine clinical practice in large populations, is also a disadvantage, i.e.

the reliance on previously collected data generated primarily for administrative

purposes. In other epidemiologic studies that use primary data collection, the

timing of data collection, the detail of data and its accuracy are to a large extent

under investigators control. By contrast, in administrative databases a record

is generated only if there is an encounter with the healthcare system that is
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2 DATABASE STUDIES 2.1 Generalities

accompanied by a diagnosis (old or new) and one or several procedures such as

medicines prescribing. A third hurdle in creating an electronic record is that

the encounter must be filled and coded accurately in a computer system. Then,

to make a complete insurance file, the claim must be adjudicated by a third

party payer. All these steps can lead to bias if such data is used uncritically

for epidemiologic studies. Each database has its own specific "grammar" that

determines the way data is generated; this is often undocumented or not up-

dated. Researchers who perform epidemiologic studies using databases must

understand how the data was managed from the encounter all the way to the

completed database entry. This can be achieved by having a close working re-

lationship with knowledgeable people involved in various steps during the data

generation process. Only then, important mistakes and the resulting biases can

be avoided and the full potential of databases realized.

• Types of databases

Healthcare utilization databases throughout the world differ substantially with

regard to their population representativeness and patient turnover rates, the

breadth and detail of information they contain, their data quality and com-

pleteness, their linkability with data from other sources.

• Protecting the privacy of individuals

All jurisdictions or database owners require careful attention to data privacy. It

is common practice to keep the linking process with the original patient’s iden-

tifiers physically separated from the data analysis files that instead use study-

specific coded ID numbers. Camouflaged sampling techniques can be used to

contact individuals specifically identified in a database about their drug use

pattern or diagnoses, without revealing them to the personnel who de-identify

patient’s IDs and make the actual contact. Nevertheless, it persists concern that

unlikely cases of very small cell sizes in highly cross-classified data may allow in-

dividuals identification. While investigators are exploring a growing list of useful

applications of data-bases for different purposes, from quality improvement to

adverse effects research, new privacy regulations threaten to make access to such

valuable data more vulnerable. This is unfortunate because modern methods

of data anonymization, coupled with oversight by institutional review boards,

can make such research possible, while adequately protecting patients privacy.

Many have argued that the societal benefits of such database research in phar-

macoepidemiology are considerable, whereas the risks of properly authorized
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2 DATABASE STUDIES 2.1 Generalities

use of such data are negligible.

• Drop-out and completeness of response

Some problems that are common in studies relying on primary data collection

may be minimal in claims data studies. In many population-based claims, pa-

tient drop-out is rarely a problem of appreciable magnitude if databases describe

a program of universal entitlement. Nonresponse or recall bias are non-existent

in this form in claims data because all data recording is independent of a pa-

tient’s memory or agreement to participate in a research study. However, the

administrative system may fail to record complete information randomly or

systematically, particularly diagnostic information, which may lead to misclas-

sification bias.

• Precision and statistical inference

Comparing the findings of small observational studies with those from very

large databases illustrates the differences between the magnitude of estimates

and their precision. For example, comparing simple proportions between two

groups often entails inspection of confidence limits or p-values to evaluate any

differences between the groups. In large database studies, however, these pro-

portions are likely to have very narrow and non-overlapping confidence intervals

because of the enormous number of observations. This makes it clear that ran-

dom error is only the first step in accessing the data; a second step is to judge

whether the observed differences magnitude is clinically or, depending on the

main interest, economically relevant, assuming the absence of systematic error.

Confidence limits provide more information than simple p-values and are more

useful in describing the precision of statistical estimation without suggesting any

notion of meaningful difference. It is then up to the investigator and the reader

to impose their own perspective to determine the meaningfulness of differences

that can be estimated with such high precision in large databases.
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2 DATABASE STUDIES 2.2 Case-finding algorithms

2.2 Case-finding algorithms

In a database study in health sciences, variables are collected via data processing

of existing databases, such as electronic medical records, administrative healthcare

databases, or disease/birth/death registries. Although these types of studies are be-

coming increasingly common, much less developed (and applied) is the methodology

to estimate variables validity and to adjust the original results.

In a database study a specific population is normally identified, and the presence

of a disease is a well-defined binary variable, referring to specific diagnostic criteria.

However, that variable is not observed and it is rather approximated by a case-finding

algorithm (CFA). A CFA is an algorithm applied to the database, which produces a

binary variable on the population that is expected to approximate the true disease

variable, based on a variety of reasons such as clinical, organizational and legal ones.

Table 1 summarizes a hypothetical example to better understand the above issues

concerning a CFA: considering diabetes 2 mellitus as pathology of interest, the first

row shows a possible clinical definition by experts, i.e. the corresponding variable

measures the real patient’s condition which is often unknown; row 2 presents an ideal

target population; then, assuming that someone wants to identify diabetic people in

that population by using drugs dispensing information, an appropriate database is

chosen (row 3); finally (row 4), a specific criterion applied to the database defines the

CFA itself, i.e. a new binary variable is created and the more it corresponds to the

true disease status the better it can be used for any other purpose without committing

relevant misclassification errors. Table 2 is another example, related to the previous

one, where four subjects are classified according to whether they truly have type 2

diabetes mellitus and whether the algorithm described in table 1 has classified them

as being affected by that disease: column 1 is the true variable, column 2 is the

CFA result. The first patient is a true positive (he has diabetes and has records of

metformin prescriptions); the second individual is a false negative (he is diabetic but

does not have an indication for treatment with metformin yet); subject 3 is a false

positive (he does not have the pathology of interest but he has at least one health

status treated with metformin); finally, subject 4 is a true negative (he both does not

have diabetes and any records of metformin prescription).
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2 DATABASE STUDIES 2.2 Case-finding algorithms

Table 1: Case-finding algorithms definition and features: hypothetical example.

Disease definition First test confirmed with a second test in an adult, non-

pregnant patient, without typical symptoms of the dis-

ease: fasting plasma glucose ≥ 126mg/dL (no caloric

intake for at least 8 hours), or 2-hour plasma glucose

≥ 200mg/dL during an oral glucose tolerance test af-

ter a load of 75 g glucose, or glycated haemoglobin ≥

6.5%. Or, in a patient with classic symptoms of hyper-

glycaemia or hyperglycaemic crisis, a random plasma

glucose test ≥ 200mg/dL (regardless of food intake).

Population All the inhabitants of a country in charge to some gen-

eral practitioners on a specific date.

Database Registry of inhabitants assisted by the country health-

care system, linked to reimbursed drug dispensings

database.

CFA At least 2 dispensings of metformin in the previous 2

years.

Table 2: Case-finding algorithms definition and features: hypothetical dataset with a

true variable and a variable derived from a CFA on a database of prescriptions.

ID Has type 2 diabetes mellitus Has been prescribed metformin
(true variable) (derived variable)

1 Yes Yes
2 Yes No
3 No Yes
4 No No
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2.3 Validation

In this context, the word "validity" referred to a CFA means the distance between

its result and the true disease variable. Validation studies are aimed at estimating

the validity indices of a CFA. They are highly recommended by scientific guidelines

in pharmacoepidemiology; however, they are rarely conducted, and their results are

almost never used to adjust or, if this is not possible, to interpret the estimates

obtained from analysing the dataset. The performance of a case-finding algorithm

refers to the accuracy with which it identifies the health outcome and it is assessed

by comparing the classification by the algorithm itself with the classification by a

presumably more reliable gold standard, such as medical records, disease registries,

and physician or patient’s questionnaires. Care should be taken in selecting a gold

standard for the condition of interest. Assuming that this source is true, the amount

of error introduced by the algorithm source must be quantified.

The validity indices of CFAs typically computed include sensitivity (SECFA),

specificity (SPCFA), positive predictive value (PPVCFA) and negative predictive

value (NPVCFA). Once their values are known, the observed prevalence or risk

estimates can be corrected for misclassification. This concept is conventionally sum-

marized using a 2x2-table representing the joint probability distribution of the CFA-

derived classification and the true disease status or gold standard measure (table 3).

Given this representation, SECFA is the proportion of true positives among persons

with the disease of interest, SPCFA is the proportion of true negatives among persons

without the disease of interest, PPVCFA is the proportion of true positives among

CFA-positive persons and NPVCFA is the proportion of true negatives among CFA-

negative persons. These four validity indices are all conditional probabilities, where

SECFA, SPCFA, PPVCFA and NPVCFA are conditioned on the number of true pos-

itives, true negatives, algorithm positives and algorithm negatives, respectively. The

observed prevalence (PCFA) is then the proportion of algorithm positives and the

true prevalence (π) the proportion of the truly diseased among all N subjects. Note

that the observed prevalence and the four validity indices are CFA-dependent, which

is indicated by the subscript; for reasons of parsimony it will be omitted from here

onwards.
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2 DATABASE STUDIES 2.3 Validation

Table 3: Validity indices for dichotomous data: sensitivity (SE), specificity (SP ),

positive (PPV ) and negative predictive value (NPV ), the observed (P ) and true

prevalence (π).

Gold standard

Positive Negative Validity index

C
as
e-
fin

di
ng

al
go
ri
th
m

P
os
it
iv
e Nr. of true Nr. of false

positives positives PPV = TP
TP+FP

TP FP

N
eg
at
iv
e

Nr. of false Nr. of true
negatives negatives NPV = TN

FN+TN

FN TN

V
al
id
it
y
in
de
x

N = TP + FP + FN + TN

SE = TP
TP+FN

SP = TN
FP+TN

P = TP+FP
N

π = TP+FN
N

This representation shows how the true prevalence, observed prevalence and valid-

ity indices are interrelated. Alternatively, the interrelations can be expressed in terms

of the actual parameters themselves (and not the cell counts of the 2x2-table). Indeed,

starting from an expression linking the observed prevalence to the true prevalence and

from PPV and NPV definitions, the following system of algebraic equations with six

unknown parameters can be obtained:

P = SE · π + (1− SP )(1− π), (2.1)

PPV =
SE · π

SE · π + (1− SP )(1− π)
, (2.2)

NPV =
SP (1− π)

(1− SE)π + SP (1− π)
. (2.3)
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2 DATABASE STUDIES 2.3 Validation

Therefore, if three parameters are known, it is possible to derive the others. P is

easily computed by applying the CFA to the database population. Then, having esti-

mated two other parameters, those remaining can be analytically derived by solving

the system of algebraic equations above. The true prevalence, observed prevalence

and four validity indices are all (conditional) probabilities, and hence are bounded

between 0 and 1. This imposes constraints on the input values without which the

ones derived analytically might be outside the interval [0,1] (table 4). Finally, if we

know the uncertainty associated with some of the input parameters, we can prop-

agate it to the derived ones through Monte Carlo sampling. The sampling should

ideally reflect that the true prevalence, observed prevalence and validity indices are

typically all correlated. Not accounting for correlation among them might result in

too wide confidence intervals and in sampling unlikely combinations. However, those

correlations are typically unknown.

Table 4: Constraints on the input parameters ensuring that the derived ones belong

to the interval [0,1].

Known Constraints

π, P, SE 1− P > π(1− SE); P > SEπ

π, P, SP P > (1− π)(1− SP ); P < 1− SP (1− P )

π, P, PPV π > PPPV ; π < 1− (1− PPV )P

π, P,NPV π > (1−NPV )(1− P ); π < 1−NPV (1− P )

P, SE, SP P+SP−1
SE+SP−1 > 0; P+SP+1

SE+SP−1 > 0; SE(P+SP )−P
SE+SP−1 < 1

P, SE, PPV P (PPV 1−SE
SE + 1) < 1

P, SE,NPV (1− P ) 1−SENPV
1−SE < 1

P, SP, PPV P + SP P (1−PPV )
1−SP < 1

P, SP,NPV PSP > (1− SP )(1− P )NPV

P, PPV,NPV
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2 DATABASE STUDIES 2.3 Validation

The ability to convert validity indices facilitates comparison of validation studies,

which is often hampered by the use of different validity measures. In the case where

only one index is reported, the remaining ones can be derived from the observed

prevalence only if an estimate of the true prevalence is available. The estimated true

prevalence might be obtained from external data sources, such as recently performed

epidemiological studies or national surveillance systems. Obviously, in this case, it

is important to ensure that the external estimate applies to the database population

under study. The ability to analytically derive the other values from those that are

reported allows researchers to use independent validation samples (i.e. using different

samples/subjects to estimate each index), provided the same CFA and gold standard

measure are used. However, the presence of sampling error or selection bias might

result in invalid parameter combinations. The above analytical derivations assume

that the true disease status is really dichotomous and the dichotomous gold standard

measure reflects the true disease status without error. However, the pathology of

interest is not always absent or present and there might be an underlying continu-

ous condition (i.e. spectrum of severity) on which classification of disease status is

based, varying from its clear absence to its clear presence. In such cases, SE and

SP depend on the distribution of the underlying condition, and hence on the true

disease prevalence. Unfortunately, when applying a case-finding algorithm in a health-

care database, a common misconception claims that only predictive values depend on

the disease prevalence; instead, the four parameters all depend one another and on

prevalence. In addition, if the gold standard is erroneous, the indices will be biased.

Finally, CFAs validity might depend on other factors such as population’s characteris-

tics, access to healthcare and completeness of the medical information contained in the

database, thereby hampering the indices generalizability to populations others than

those for which the CFA validity has been initially assessed. Generally, in literature,

there are a lot of studies that propose positive predictive value to validate classifica-

tion algorithms for pathologies, because it can be estimated more simply than SE: it

is enough to verify that the disease truly exists within a sample of subjects who, being

CFA-positive, are traceable by the healthcare system. For example, when an algo-

rithm makes use of hospital data, it is quite easy to get access to the corresponding

recover medical records, where all the information needed for validation can be found

without disturbing anyone (obviously, after obtaining any necessary permissions). On

the contrary, sensitivity estimation requires to establish the disease status of a ran-

dom sample of the population, which is much more complicated. Despite this, there

is a great reluctance to generalize PPV estimation in other contexts, mainly because
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of the above discussed mistaken belief that predictive values depend on prevalence,

while sensitivity and specificity do not.

Some validation of CFAs is essential to permit proper interpretation of the results

from healthcare database studies. The derived measures might ultimately be used to

estimate disease occurrence or risk corrected for misclassification or to adjust power

calculations. By providing the ability to easily obtain estimates of the true prevalence

and to convert validity indices, it is possible to support the conduct and comparison

of validation studies.
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3 Case study

3.1 The MATRICE project

The MATRICE project, founded by the Italian Ministry of Health, was launched

in 2011 by the Italian National Agency for Regional Healthcare Services, with the

aim of defining methodologies and tools to best exploit administrative data for the

purposes of monitoring quality of healthcare for patients with chronic diseases.

In general, the project includes:

• Sharing common information bases in order to reach a system which can read

simultaneously the regional healthcare systems, despite complex and recurring

pathways.

• Using already existing flows of information to manage pathologies across regions,

by transforming the data and validating it with rigorous scientific criteria.

• Measuring equity in the local supply of care and provide the institutional levels

with a shared fact-finding base in support of their healthcare policies.

Specifically, the project aims to the design, experimentation and validation -with

applications to some case studies- of an open source software, The Matrix, which

aggregates and integrates the data coming from national healthcare flows, so that

helpful pathways for patients with complex pathologies can be read.

The Tuscany Regional Health Agency (THRA or, in Italian, ARS Toscana) is

one of the partnerships. Among the several planned initiatives, MATRICE founded

the work of the researcher Rosa Gini: A validation Odyssey: From big data to local

intelligence. Validity of case-finding algorithms and of measures of quality in Italian

Administrative Databases. It is a population-based study to estimate validity indices

of a list of case-finding algorithms detecting type 2 diabetes (T2DM), hypertension

and ischaemic heart disease (IHD) from Italian Administrative Databases. The main

objective of the work is advancing the methodology of validation studies of CFAs

that exploit diversity across available data, rather than collecting new data. The

reason that led to this advancement is the assessment of the IAD capacity to capture

cases of chronic disease to get estimates for the compliance with standards of care.

Primary care medical record has been the main comparative source. Then, the results
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have been exploited and the methodology has been extended to the context of multi-

database, multi-national studies. This study represents the basis for the application

proposed in this thesis.

3.2 Italian Administrative Databases

Each Italian region is divided in geographic subareas (on average 10 per region).

Healthcare for the population in each area is managed by organizations called Local

Health Units (LHUs). LHUs collect administrative data on the healthcare they pro-

vide to their inhabitants, which together form the basis of the Italian Administrative

Databases. The main components of IAD are the following tables:

• Inhabitant registry (PERSON)

It is the list of subjects who live in a defined geographical area, recorded with

gender, date of birth, date of entry, date of exit, identifier of the chosen general

practitioner (GP), citizenship, residence municipality; the dataset is longitudi-

nal, meaning that if a person changes general practitioner, or citizenship, or

municipality, a new record is added.

• Hospital discharge records (HOSP)

It is the table of hospital discharge records reimbursed by the healthcare sys-

tem, recorded with up to six diagnosis codes and up to six procedure codes in

the International Classification of Diseases, 9th revision – Clinical Modification

(ICD9CM).

• Exemption registry (EXE)

It is the table of disease-specific exemptions from co-payment to the healthcare

system, recorded with a disease code which is a truncated ICD9CM code.

• Drug dispensing registry (DRUGS)

It is the table of drugs dispensed by community or hospital pharmacies free

of charge or upon co-payment. Drugs are coded with a specific Italian coding

system, which is mapped to the Anatomical Therapeutic Chemical classification

system (ATC) and to Defined Daily Dose (DDD).

• Outpatient services registry (OUTPAT)

It is a list of outpatient activities dispensed by the healthcare system free of

charge or upon co-payment, among which specialist encounters (with no diag-

nostic code), laboratory or instrumental or bio-imaging diagnostic tests (without

results), recorded with a specific Italian coding system.
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Within a LHU, all the tables above can be linked each other at individual level, us-

ing the national fiscal identifier as common key. Collection of IAD tables is mandatory

by national law; LHUs have started to gather them in different time periods.

3.3 Data

3.3.1 Study population

Five regions belonging to the three macro-areas of Italy participated in the MA-

TRICE project, with one LHU per region: three from the Northern area (LHU 1

from Brescia in Lombardy, LHU 2 from Vicenza in Veneto, LHU 3 from Bologna in

Emilia-Romagna), one from the Central area (LHU 4 from Arezzo in Tuscany) and

one from the Southern area (LHU 5 from Taranto in Apulia). Every Italian inhab-

itant is entitled to choose a general practitioner although patients might opt for a

specialist paediatrician instead for their children, up to the age of 15. Therefore, each

inhabitant older than 15 is registered with and in charge of a dedicated GP.

The National College for General Practitioners (SIMG) is the national scientific

society of general practitioners in Italy, which has trained the GPs to improve the

quality of recording in their medical records. More than 900 of its members use

the same clinical software and share their de-identified records in Health Search, a

database which is regularly used for epidemiological, public health and health services

research. SIMG identified in each of the participating LHUs five GPs who were also

in the Health Search database at January 1st 2012. Therefore, the study population

is composed of the persons registered with these 25 GPs and older than 15 at this

date.

3.3.2 Clinical definition of disease, selection of algorithms and gold stan-

dard.

A panel of cardiologists, diabetologists, epidemiologists and experts in organi-

zation of primary care services participating in the MATRICE project established

clinical definitions of T2DM, hypertension and IHD, which are the following:

• Type 2 Diabetes Mellitus (T2DM)

Syndrome diagnosed on the basis of the following criteria outlined in a first test

and confirmed with a second test in an adult, non-pregnant patient, without

typical symptoms of the disease: fasting plasma glucose ≥ 126 mg/dl (no caloric
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intake for at least 8 hours), or two-hour plasma glucose ≥ 200 mg/dl during an

oral glucose tolerance test (OGTT) after a load of 75 g glucose, or glycated

haemoglobin ≥ 6.5%. Or, in a patient with classic symptoms of hyperglycaemia

or hyperglycaemic crisis, a random plasma glucose of plasma glucose ≥ 200

mg/dl (regardless of food intake).

• Hypertension

Syndrome characterized by arterial systolic blood pressure above 140 mmHg

and/or diastolic blood pressure above 90 mmHg in at least two measurements

(patient at rest) confirmed by Holter blood pressure measurements or by home

blood pressure monitoring (2 measurements in the morning and two in the

evening for seven days and then calculating the average of all measurements

after discarding those of the first day as recommended by the European Society

of Hypertension (ESH) guidelines).

• Ischaemic Heart Disease (IHD)

Clinical syndrome characterized by typical angina chest pain, and/or transient

myocardial ischemia verified by stress electrocardiogram (ECG) or imaging,

and/or significant coronary arteries occlusion verified with angiography, or his-

tory of previous acute myocardial infarction (AMI).

The medical records are assumed to provide a perfect description of diagnosed

cases, i.e. they are assumed to be a gold standard measure.

Using the above clinical definitions as a reference, a panel of experts selected

ICD9CM codes corresponding to diagnoses of the three conditions, Anatomical Ther-

apeutic Chemical (ATC) codes of the drugs indicated for treatment and codes for the

most follow-up exams. Italian literature and grey literature was searched to obtain

algorithms that had commonly been used. A national workshop gathered the main

Italian investigators in the field to validate the final list of candidate algorithms on

IAD to be tested in the study. The algorithms from the final list are divided in com-

ponents; each component algorithm requires data from single data table of IAD and

is described as a sequence of two steps:

1. Record selection from a single table among HOSP, EXE, DRUGS and OUTPAT.

2. Identification of subjects with a specific pattern of records in the selection.

To obtain composite algorithms, components are combined by means of logical

operators (OR, AND, AND NOT).
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Case-finding algorithms on primary care medical records for the three conditions

were tested in a previous study against a questionnaire submitted to the GPs, to

assess their validity: they had excellent PPV for T2DM and hypertension (100%),

and very high for IHD (98%).

For the application of this thesis, only simple algorithms are considered: they are

6 for each of the three pathologies for a total of 18 CFAs. Table 5 summarizes their

main features: the source of IAD from which they have been constructed (column 1),

their label name (column 2), the type of coding system related to the source (column

3) and the main features according to which the CFA under consideration classifies a

patient as affected by the disease of interest (columns 4 and 5).
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Table 5: Component case-finding algorithms for T2DM, hypertension and IHD.

D
is
ea
se

C
FA

Source Label Field Concept Pattern

T
2D

M

1 HOSP DIAB_HOSP_MAIN_T2 Main diagnosis Type 2 diabetes mellitus At least one
2 HOSP DIAB_HOSP_SEC_T2 Secondary diagnosis Type 2 diabetes mellitus At least one
3 EXE DIAB_EXE Exemption code Diabetes mellitus unspecified At least one
4 DRUGS DDRUG DIAB_DRUGS_INSULIN ATC Insulin At least two in 365 days
5 DRUGS DDRUG DIAB_DRUGS_ORAL ATC Oral antidiabetics At least two in 365 days
6 OUTPAT DIAB_Hba1c PROC_COD Hba1c At least two in 365 days

H
yp

er
te
ns
io
n 1 HOSP HYPERTE_HOSP_MAIN_UNSP Main diagnosis Hypertension unspecified At least one

2 HOSP HYPERTE_HOSP_SEC_UNSP Main diagnosis Hypertension unspecified At least one
3 EXE HYPERTE_EXE Exemption code Hypertension unspecified At least one
4 DRUGS DDRUG HYPERTE_ANTHYPERTE ATC Antihypertensives At least two in 365 days
5 DRUGS DDRUG HYPERTE_ARENIN ATC Agents acting on the renin-angiotensin system At least two in 365 days
6 DRUGS DDRUG HYPERTE_BETABL ATC Beta blocking agents At least two in 365 days

IH
D

1 HOSP IHD_HOSP_MAIN Main diagnosis IHD At least one
2 HOSP IHD_HOSP_SEC Secondary diagnosis IHD At least one
3 EXE IHD_EXE Exemption code IHD specified At least one
4 DRUGS DDRUG IHD_NITRATES ATC Organic nitrates At least two in 365 days
5 DRUGS DDRUG IHD_BETABLOC ATC Beta blocking agents At least two in 365 days
6 DRUGS DDRUG IHD_PAI ATC Platelet aggregation inhibitors excluding heparin At least two in 365 days
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3.3.3 Data collection and processing

All administrative records from the main IAD tables collected by the 5 LHUs

on the study population were sent to the National Council of Research (CNR). The

medical records of the 25 GPs were queried using the gold standard algorithms, and

the resulting datasets were sent to CNR as well. Before transmission to CNR, fiscal

codes were pseudonymized from both types of data sources using the same encryption

key, which was transmitted to the LHUs and GPs by ARS Toscana. Due to the use

of the same encryption key, CNR could perform deterministic record linkage between

medical records arriving from GPs and IAD data from the LHUs. Data extraction,

pseudonymization and transmission were performed automatically by a tailored suite

of software tools.

Each component CFA was applied to the linked dataset. In a first data processing

step, a look back period homogeneous across LHUs was used: records from hospi-

talizations were queried for 4 years (from January 1st 2008 to 31st December 2011),

exemptions for 3 years (from January 1st 2009 to 31st December 2011), while drugs

and outpatient vist records were queried for 2 years (from January 1st 2010 to 31st

December 2011), where data was available. In the second data processing step, all

the algorithms were applied repeatedly, adding one year of look-back per data table

at a time, always provided that data was available.

Data processing was embedded in the domain-specific language of the software The

Matrix.

The final dataset contains a single record per subject, with gender, age band,

GP, LHU, and, for each disease, the values of case-finding algorithms and of the

gold standard. The pseudonymized subjects’ identifiers have been removed before

transmitting the dataset to ARS Toscana for data analysis. Figure 1 is a graphical

representation of this process.

Permission to perform record linkage between IAD and medical records was grant-

ed by the Italian National Authority for the Privacy regulation. Specifically, CNR was

granted to store and process data and ARS Toscana to obtain the linked individual-

level analytical dataset for statistical analysis.
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Figure 1: Data collection process.
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4 Statistical analysis

4.1 Objectives

Section 2 has dealt with the importance of validating database studies, in gen-

eral and, considering the case study, in pharmacoepidemiology: although healthcare

databases provide a valuable source of data for research, this data is collected pri-

marily for clinical and administrative use, and concerns regarding its quality exist,

potentially resulting in misclassification bias. Hence, validation is recognized as a

fundamental component and studies reporting on the validity of disease case-finding

algorithms are being increasingly performed. In the same section, the four princi-

pal validation indices (sensitivity, specificity, positive predictive value and negative

predictive value) have been defined and their analytical interrelations have been de-

scribed, focusing on the possibility of deriving three of them if the one remaining and

the true prevalence are known. Finally, the aspect of generalization and transporta-

bility has been introduced: the fact that a CFA has been validated for a certain study

does not automatically imply that it will maintain its quality for another one, with

new databases and/or different populations and/or contexts and the like; actually, it

could create a variable very far from reality in the sense of a significant amount of

misclassifications. This means that the great potential of CFAs might become also a

weakness if such aspects are ignored.

Section 3 has presented the work of Rosa Gini as the base for the application

of this thesis. Her study provides the validity of algorithms to identify type 2 di-

abetes mellitus, hypertension and ischaemic heart disease in Italian Administrative

Databases, which miss primary care diagnostic information. The results are very

promising: despite of a sensitivity lower than 75% and, in the case of IHD, lower than

50%, CFAs on IAD records had excellent specificity and good PPV and NPV; caution

should be adopted in including too many years of look back from drug utilization,

but generally calibration can be used to assess the impact of imperfect case-finding

algorithms on study results. An important issue which has not been explored yet is

CFAs transportability. Evaluating if it is possible to reuse them for new data with

a guarantee that their accuracy will be the same is a real challenge: the same code

recorded in primary care or during an emergency room visit, or in different countries

adopting the same coding system, or even in the same country over time, may have

completely different validity indices. Regarding the herein case study, heterogene-

ity across LHUs is high for many indices: for instance, LHU 4 having low PPV for
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non-insulin antidiabetic drugs utilization may be linked to a frequent off-label use of

metformin as a treatment of obesity that is anecdotally widespread in Tuscany but

not in other parts of Italy. The methods and tools developed in this thesis mainly

aim to investigate such aspect.

For the above reasonings the statistical analysis has the following two objectives,

particularly the second:

1. Retracing the main issues and results of Rosa Gini’s validation study. Only

sensitivity and positive predictive value will be considered because it is com-

mon to work with datasets which do not include patients without the disease

to act as reference standard true-negatives. In addition, according to the case

study, the true-positives identification might be more important both for first

and secondary use of Italian Administrative Databases: in the first case, poli-

cymakers could understand how the healthcare system can be better organized,

clinicians could explore more in detail all the treatment options, patients could

put peculiarities of their own diseases at the centre of their clinical decisions,

and citizens could obtain evidence to inform their political options; in the sec-

ond case, creating new variables which correctly measure that a person suffers

from a pathology could be more useful for other researches. Anyway, it is im-

portant to keep in mind that the choice of a validity index rather than another

one depends on context and objectives: diabetes 2 mellitus, hypertension and

ischaemic hearth disease, unless being in advanced and very serious stages, do

not result immediately to irreversible complications or even death.

2. Developing a model that takes account of SE and PPV variability across LHUs,

for each disease and each CFA considered. The aspects of generalization and

prediction are central, and a positive answer to the following questions would be

optimal: given a good fit, can the validity indices estimate for one LHU entering

the study be referred to another LHU, similar in terms of users and region

features, services provided, and other aspects potentially associated to both

true (π) and observed (P ) prevalence? Or even, in what extent can the model

be used to estimate the indices on new data for the same LHUs, for example

along years? Finally, if an external value of π is available, the measure between

sensitivity and positive predictive value which is more stable across LHUs can

be used to derive all the others thanks to their analytical interrelations (2.1, 2.2

and 2.3).
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A common strategy to face such a case study is developing two separate logistic

models: one for sensitivity, selecting patients truly diseased and considering the CFA

binary outcome as response variable; the other for positive predictive value, select-

ing, vice versa, patients who are positive-identified by the CFA and considering their

true health status (the GP gold standard) as response variable. However, this way

of proceeding shows a notable limitation: fitting the two models on different popula-

tions and then comparing the results is not recommended. On the contrary, the focus

for each individual on a bivariate binary outcome, i.e. the GP and the algorithms

classification, can solve this problem because the two indices are correctly treated

as two sides of the same coin. This thesis adopted the second approach, graphically

represented in figure 2: with regard to a pathology of interest and a certain CFA, the

greater circle represents a population under study; the smaller circle and the rectangle

contain, respectively, persons who are truly diseased and persons who are classified as

diseased by the algorithm. Therefore, four subsets are identified: individuals belong-

ing to both the smaller circle and the rectangle, the true positives (TP); individuals

belonging to the smaller circle but not to the rectangle, the false negatives (FN);

individuals belonging to the rectangle but not to the smaller circle, the false positives

(FP); individuals belonging neither to the smaller circle nor to the rectangle, the true

negatives (TN). According to the objectives defined in this point, the methods devel-

oped for the statistical analysis take account of a bivariate binary response, instead of

a univariate binary response conditioned to the real patients’ health status or instead

of a univariate binary response conditioned to the CFA results.

The next section and paragraphs describe the model which has been formulated

to answer the above research questions: the multivariate probit model.
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Figure 2: Representation of the subsets defined by the response variable categories for

statistical modelling: true positives (TP), true negatives (TN), false positives (FP)

and false negatives (FN).
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4.2 Methods

4.2.1 The multivariate probit model

4.2.1.1 The model Let Yij be a binary response variable on the i-th observation

(1 ≤ i ≤ n) and j-th variable (1 ≤ j ≤ J); the J×1 vector Yi = (Yi1, ..., YiJ)′ denotes

the collection of responses on a generic unit and all variables.

According to the multivariate probit model, the probability that Yi = yi given a

set of covariates xij = (xij1, ..., xijkj )′ is

Pr(Yi = yi|γ,Ω,xi1, ...,xiJ) =

∫
AiJ

· · ·
∫
Ai1

φJ(t|0,Ω)dt, (4.1)

where φJ(t|0,Ω)dt is the density of a J-variate normal distribution with mean vector

0 and covariance matrix Ω = {ωlm}l,m=1,...,J , Aij is the interval

Aij =

(−∞,x′ijγj) if yij = 1

(x′ijγj ,+∞) if yij = 0,

γj ∈ Rkj is an unknown parameter vector and γ = (γ′1, ..., γ
′
J)′ ∈ Rk with k =∑J

j=1 kj .

A more convenient formulation of the model is in terms of Gaussian latent vari-

ables. Let Wi = (Wi1, ...,WiJ)′ have the J-variate normal distribution

Wi ∼ NJ(Xiγ,Ω), (4.2)

where Xi denotes the J ×k matrix of covariates whose j-th row consists of the vector

xij from
∑j−1
r=1 kr + 1 to

∑j
r=1 kr position and 0 elsewhere.

Let Yij be 1 or 0 according to the sign of wij , i.e.

Yij =

1 if wij > 0

0 if wij ≤ 0.

(4.3)

It is then easy to show that the probability in (4.1) may be expressed as

∫
BiJ

· · ·
∫
Bi1

φJ(wi|Xi, γ,Ω)dwi, (4.4)

where Bij is the interval
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Bij =

(0,+∞) if yij = 1

(−∞, 0) if yij = 0,

and, unlike Aij , it does not depend on the parameters but only on the response value

yij .

From the above latent variable formulation it follows that the parameters γ and Ω

are not likelihood identified. To see this, pre-multiply Wi by a diagonal J ×J matrix

C with positive elements and observe that the outcomes Yij are left unaffected. A set

of identified parameters is defined by letting C = diag{ω−1/211 , ..., ω
−1/2
JJ } and defining

βj = ω
−1/2
jj γj and R = CΩC′, (4.5)

whence Pr(yi|γ,Ω) = Pr(yi|β,R) with β = (β′1, ..., β
′
J)′; R is a correlation matrix

with p = J(J − 1)/2 free parameters denoted by r = (ρ12, ρ13, ..., ρJ−1J)′. The

corresponding latent variable model is then

Zi ∼ NJ(Xiβ,R) ≡ NJ(Xiβ, r), yij = I(zij > 0), (4.6)

where Zi = CWi, and I(A) stands for the indicator function of the event A. This

representation forms the basis of the sampling method used in this thesis.

4.2.1.2 Bayesian inference

Generalities A Bayesian framework treats parameters θ = (θ1, ..., θd)
′ as ran-

dom variables and explicitly uses probabilities for quantifying uncertainty while doing

inference. The process of Bayesian data analysis is characterized by a continuous up-

date of knowledge and can be idealized by dividing it into the following steps:

1. Set up a full probability model defining the likelihood f(y|θ) and a prior distri-

bution on the parameters π(θ). The model should be consistent with knowledge

about the underlying scientific problem and the data collection process.

2. Calculate and interpret the posterior distribution π(θ|y), the conditional prob-

ability distribution of the unobserved quantities of ultimate interest, given the

observed data. This is done according to the Bayes’ rule
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π(θ|y) =
f(y|θ)π(θ)

f(y)
∝ f(y|θ)π(θ), (4.7)

where f(y) is the so called marginal likelihood, i.e. f(y) =
∑
θ f(y|θ)π(θ) or

f(y) =
∫
θ
f(y|θ)π(θ)dθ in case of discrete or continous θ, respectively.

3. Evaluate the fit of the model and the implications of the resulting posterior

distribution.

The second step involves the use of computational methods when π(θ|y) cannot

be obtained in closed form. Markov chain simulation (also called Markov chain Monte

Carlo, or MCMC) is a general technique based on drawing values of θ from certain

distributions and then correcting them to better approximate the target posterior.

The sampling is done sequentially, i.e. each new sampled θ depends on the last value

drawn. The key to the method success, however, is not the Markov property but that

the approximate distributions are improved step by step in the simulation, in the

sense of converging to the target. Anyway, the Markov property is helpful in proving

this convergence.

The Gibbs sampler is a particular Markov chain algorithm which is useful in many

multidimensional problems. A generic iteration s of the algorithm cycles through the

subvectors θd of θ, drawing each one from the so called full conditional distribution

π(θd|θ(s−1)−d ,y),

that is, the distribution of θd is updated conditional on the latest value of all the others,

θ
(s−1)
−d , and, obviously, conditional on the data. The Gibbs sampler can be viewed

as a special case of the Metropolis-Hastings algorithm, which is a general term for a

family of Markov chain simulation methods for sampling from the Bayesian posterior

distributions. The basic Metropolis algorithm is an adaptation of a random walk with

an acceptance/rejection rule to converge to the specified target distribution. In a

generic iteration s, a value θ∗ of θ is sampled from the so called proposal distribution,

Js(θ
∗|θ(s−1)), which must be symmetric (this is not necessary in the more general

Metropolis-Hastings version). Then θ(s) is set to

θ(s) =

θ
∗ with probability min(r, 1)

θ(s−1) otherwise,

where r is the ratio
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r =
π(θ∗|y)

π(θ(s−1)|y)
. (4.8)

The Gibbs sampler and the Metropolis algorithm can be used in various combi-

nations to draw from complicated distributions. The first one is the simplest of the

Markov chain simulation methods and it is usually chosen when there are no difficul-

ties in drawing directly from each full conditional distribution. However, if some of

the conditional probability functions can be determined and some cannot, then it is

possible to update the parameters one at time, with the Gibbs sampler used where

possible and one-dimensional Metropolis updating used otherwise. More generally,

the parameters can be updated in blocks, where each block is altered using the Gibbs

sampler or a Metropolis step within it.

There are general conditions necessary for Markov chains to converge, namely

that the chain be irreducible, aperiodic, and not transient. The latter two conditions

generally hold for a random walk on any proper distribution, and irreducibility holds

as long as the random walk has positive probability of eventually reaching any state

from any other state. The draws in a Gibbs sampler are sequentially generated from

the full conditional distributions of the posterior. If proper priors are employed, these

conditional distributions are all proper, unique, and sufficient for the joint posterior;

moreover, if they are all continuous, there is positive probability of reaching all states

and the chain is irreducible. Therefore, the chain will converge to the true posterior.

Finally, by the change of variable theorem, any function of the model parameters

results in a proper posterior distribution for the transformed ones.

In the next section, the above Bayesian framework is applied to the multivariate

probit model.

Bayesian inference on the multivariate probit model Let y = (y1, ...,yn)

be a random sample of n J-dimensional observations, X = (X1, ...Xn) a set of covari-

ates, and π(β, r) a prior density on the parameters of a multivariate probit model;

the application of Bayes’ rule results in the posterior distribution

π(β, r|y,X) ∝ Pr(y|β, r,X)π(β, r), (4.9)

where, according to de Finetti’s theorem,
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Pr(y|β, r,X) =

n∏
i=1

Pr(yi|β, r,Xi)

is the likelihood function. Assume also prior independence between β and r so that

π(β, r) = π(β)π(r),

and let

π(β) = φk(β|β0,B−10 ) and π(r) ∝ φp(r|r0,R−10 ) r ∈ A, (4.10)

where A is a convex solid body in the hypercube [−1, 1]p that leads to a proper

correlation matrix (i.e. φp is truncated to that region). The hyperparameters are

chosen to reflect available prior information: the vectors β0 and r0 control the location

while the precision matrices B0 and R0 control the dispersion around it.

With the same notation used till now, figure 3 summarizes the above model frame-

work through a directed acyclic graph (DAG): circles drawn with solid lines contain

the observed response variables; circles drawn with dotted lines correspond to stochas-

tic unobserved nodes, i. e. to parameters and latent variables; finally rectangles are

used for covariates which are not considered as random variables. For guidelines on

DAGs theory, see Appendix B.
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β0 B0 r0 R0

β r

Z1 Z2 ZN−1 ZN

Y1 Y2 YN−1 YN

X1 X2 XN−1 XN

. . .

. . .

. . .

Figure 3: Model setting representation through a directed acyclic graph.

Markov chain Monte Carlo methods can be used to summarize the joint posterior

distribution. It is easy to see that, in order to simulate π(β, r|y,X), a step of data

augmentation is needed because of the intractability of Pr(y|β, r,X). Then, under the

assumption in (4.6), the latent variables Z = (Z1, ...,Zn) are added to the parameter

space through the conditioned density

f(z|β, r,y,X) =

n∏
i=1

f(zi|β, r,yi,Xi) ∝

∝ |R|−n/2exp

(
− 1

2

n∑
i=1

(zi −Xiβ)′R−1(zi −Xiβ)

)
I(r ∈ A).

From this, a Gibbs sampling scheme is based on the following distributions:
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Z|β, r,y,X,

β|r, z,y,X ≡ β|r, z,X,

r|β, z,y,X ≡ r|β, z,X.

The above analysis is structured on the identified parameter space (β,R), but it

is also possible to make inference in the unidentified one (γ,Ω) and then post-process

the samples by applying the transformation (γ,Ω)→ (β,R) defined in (4.5). Thus, a

lot of complicated and not standard means to draw R can be avoided; on the contrary,

the unidentified parameter space is larger by J dimensions and it is more difficult to

make inference when the prior distributions are improper or non-informative. For

these reasons, a Gibbs sampler on the identified parameter space has been adopted

for this case study and it is described in detail below.

Posterior simulations Let now explain how the Gibbs sampler on the identified

parameter space works beginning with the step of data augmentation for the latent

data. Conditional on the observed outcomes and the parameters, the distribution of

Zi is truncated to a subset of RJ , where the region of truncation is determined by

yi. For example, if J=2 and yi = (1, 1)′, then Zi lies in the positive orthant. More

generally, the full conditional distribution of the latent data is truncated multivariate

normal

Zi|β,R,yi,Xi ∝ NJ(Xiβ,R)

J∏
j=1

[I(zij > 0)I(yij = 1)+I(zij ≤ 0)I(yij = 0)], (4.11)

which can be simulated by composing a cycle of J Gibbs steps through the components

of Zi; that is, zij is simulated from

Zij |β,R, yij , zi−j ,Xi.

This distribution is univariate normal, truncated to (0,+∞) if yij = 1 and to

(−∞,0] if yij = 0, and the parameters are obtained from the usual formulas of the

conditional distributions for the components of a multivariate normal density (see

appendix A.).
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For the full conditional density of β given values of Z and R, the normal density of

Z is combined with the multivariate normal prior of β to obtain by standard Bayesian

calculations that

β|z,R,y,X ∼ Nk(β̂,B−1), (4.12)

where β̂ = B−1(B0β0 +
∑n
i=1 X′iR

−1zi) and B = B0 +
∑n
i=1 XiR

−1Xi. Thus, the

simulation of β is straightforward.

Next, consider the full conditional distribution of the unique elements of R

π(r|z, β,X) ∝ π(r)f(Z|β,R,y,X) ∝

∝ π(r)|R|−n/2exp

(
− 1

2

n∑
i=1

(Zi −Xiβ)′R−1(Zi −Xiβ)

)
I(r ∈ A). (4.13)

As the analysis of this density (and the search for satisfactory bounds and domi-

nating functions) is difficult, a Metropolis-Hastings step is used. The main question

concerns the formulation of a suitable proposal density for r. It is possible and it

can be convenient to apply the algorithm in sequence, cycling through the various

elements ρlm of r. Because each ρlm is a correlation coefficient, it is useful to have

a proposal distribution which has support only in the interval [−1, 1]; to satisfy this

condition, a reflecting random walk can be formulated as follows (referring to a generic

iteration s):

• Propose ρ∗lm ∼ Uniform(ρ
(s−1)
lm − δ, ρ(s−1)lm − δ). If ρ∗lm > 1 reassign it to be

2− ρ∗lm. If ρ∗lm < −1 reassign it to be −2− ρ∗lm.

• Compute the acceptance ratio

r =
π(ρ∗lm|y,X)

π(ρ
(s−1)
lm |y,X)

.

• Sample u ∼ Uniform(0, 1) and set ρ(s)lm

ρ
(s)
lm =

ρ
∗
lm if u < r

ρ
(s−1)
lm otherwise.
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It is easy to show that this proposal distribution is symmetric, thus simplifying

the procedure to a Metropolis algorithm. In addition, the tuning parameter δ can

be adjusted by experimentation so that the chains of the extracted values are not

excessively autocorrelated in order to better approximate the posterior distribution.

The following scheme summarizes the algorithm:

1. Start with initial values of Z, β,R.

2. For a generic iteration s:

• Draw Z(s) from Z(s)|β(s−1),R(s−1),y,X using (4.11),

• Draw β(s) from β(s)|z(s),R(s−1),y,X using (4.12),

• Draw R(s) using a Metropolis step for (4.13) and setting the other param-

eters to their current value.

3. Repeat as necessary: the simulation in point 2, in fixed or random order, com-

pletes one cycle of the Markov chain Monte Carlo algorithm. To generate a

sample of draws from the posterior distribution, this cycle is run a large num-

ber of times.

Predictions Regression models allow an important benefit: the prediction of a

new outcome Y ∗ given the model parameters and a new set of covariates X∗. In the

multivariate probit class of models the response for each unit i and each component j is

binary, therefore the interest is in Y ∗ij and in its probability Pr(Y ∗ij = 1|y,X∗i ). Rather

than choosing a point estimator to make predictions, a Bayesian approach averages

over the parameter space. This is given by the posterior predictive distribution

Pr(Y ∗ij = 1|y,X,X∗i ) =

∫
R

∫
β

Pr(Y ∗ij = 1|β,R,X∗i )π(β,R|y,X)dβdR =

=

∫
zi

∫
R

∫
β

Pr(Y ∗ij = 1|zi)f(zi|β,R,X∗i )π(β,R|y,X)dβdRdzi. (4.14)

Therefore the predictive probabilities can be approximated by

Pr(Y ∗ij = 1|y,X,X∗i ) ≈
1

S

S∑
s=1

I(z
(s)
ij > 0), (4.15)
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where z(s)ij is the j-th element of the vector zi drawn from

Z
(s)
i |β

(s−1),R(s−1),X∗i ,

and s = 1, ..., S denotes the number of samples collected. This involves sampling

in each iteration the latent variables from the multivariate normal distribution with

mean X∗i β
(s) and correlation matrix R(s), and setting Y

∗(s)
ij = I(z

(s)
ij > 0). By

averaging those predicted values over Monte Carlo draws, the predicted probability

for a new observation can be obtained.

Assessing convergence and efficiency The methods for making inference ac-

cording to the above described multivariate probit model are the same as for Bayesian

simulation in general: the collection of all the draws is used to summarize the pa-

rameters joint posterior density, as well as the posterior predictive distribution of

unobserved outcomes, by computing quantiles, moments and other measures of in-

terest which are needed. However, inference using the iterative sampling algorithms

requires some care, as discussed in this subparagraph.

When applying MCMC methods, two central questions must be answered: first,

if the iterations have converged to the joint posterior distribution, second, if they are

representative of it. Some problems can occur: the chain may have not proceeded

long enough or, even if it has reached convergence, early simulations could still reflect

the starting approximation rather than the target distribution. If the Markov chain

starts off in a region of the parameter space that has high probability, then, generally,

convergence is not a big issue unless there are other epistemological complications.

In addition, the draws within sequence correlation could be high to the point that

the target posterior density is grossly unrepresented because of inefficiencies in the

iterations. Among the techniques developed for assessing convergence and efficiency

in Bayesian analysis, varying from informal to more formal ones, this thesis makes

use of the following basic ones:

• Choosing a warm-up period

To diminish the starting values influence, the first part of each sequence is dis-

carded (warm-up or burn-in period) and the attention is focused on the second

part. Then, inferences are based on the assumption that the remaining sim-

ulated values are close to the target distribution. Depending on the context,
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different warm-up fractions can be appropriate; herein, a first common period

is fixed and it might be increased in case of not reached convergence.

• Thinning the simulations

Once approximate convergence has been reached, it could be useful to thin the

sequences by keeping every k-th simulation draw and discarding the rest, above

all when there are high correlations between successive sampled values. This

practice not only makes inference more precise, but can also solve computer

storage problems in case of large number of parameters.

• Monitoring the chains through graphical representations

Trace plots and autocorrelation plots are used. A trace plot shows the history

of the drawn values across the chains iterations, i.e. it shows where the chains

have been exploring the parameter space. In general, it is not possible to know

for sure if the simulations have converged, i.e. if stationarity has been reached;

however, sometimes it is possible to assert, at least, that stationarity has not

occurred if this plot reveals that samples taken in one part of the chains do not

have a similar distribution to samples taken in other parts. The autocorrela-

tion plot is a graphical representation of the autocorrelation function: numbers

between -1 and 1 on the y-axis measure how the current value of the consid-

ered chain is linearly dependent to past values at increasing lags on the x-axis.

This is useful to understand how quickly the chains move around the parameter

space, which is sometimes called speed of mixing: generally, the higher is the

autocorrelation, the greater is the number of iterations required to reach the

target distribution or, assuming that convergence has been reached, the worst

is the MCMC approximation.

• Computing the effective sample size

The effective sample size function estimates the number of independent Monte

Carlo samples necessary to give the same precision as the MCMC samples,

and it is strictly connected to all the concepts and measures above listed. An

independent MC sampler has perfect mixing: it has zero autocorrelation and

can jump between different regions of the parameter space in one step. On

the contrary, an MCMC sampler might have poor mixing, take a long time

between jumps to different parts of the parameter space and have a high degree

of autocorrelation; in addition, the higher the autocorrelation, the more MCMC

samples are needed to reach convergence and, in case of stationarity, to achieve

a given level of precision for the posterior distribution approximation.
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5 Results

5.1 Descriptive analysis

The subjects from the LHUs comprised in the study were 36414, 34650 (94.9%) of

which had complete unambigous data (gender, birth date, date of entry and exit) and

were older than 15 years at the index date. The 25 GPs sent data on 34933 subjects;

data on 33949 persons (98.2% of those from the LHUs, 97.2% of those from GPs)

could be linked across the two sources. Of this study population, 51,7% is composed

of female persons, 39.2% is 16-44 years old, 33.6% is 45-64 years old, 22.9% is 65-84

years old and 4.3% is 85 or older. LHU 3 has the largest share of individuals, and

LHU 4 the smallest. The population in LHU 5 is slightly younger. According to the

gold standard, 2852 (8.4%) persons have T2DM, 11320 (33.3%) have hypertension

and 1414 (4.2%) have IHD (table 6).

The validity indices of the six CFAs for T2DM, those for hypertension and those

for IHD were computed from the pooled dataset (crude estimates); they are shown

in table 7. In all the three pathologies, algorithms 1 and 2 are the ones detect-

ing subjects only from first and secondary hospital discharge diagnoses, respectively:

positive predictive value is very high (from 85% and 82% for IHD to 97% and 94% for

T2DM), but sensitivity is lower than 25% (from 20% for IHD and CFA 1 to 1% for

hypertension and CFA 1). Neither PPV nor SE change too much when subjects are

classified according to disease-specific exemptions (algorithm 3) and to specific drugs

utilization (algorithm 4). For IHD, algorithms 5 and 6 (respectively, assigning the

pathology to subjects who utilize beta-blockers; assigning the pathology to subjects

who utilize patelet aggregation inhibitors excluding heparin) greatly improve sensi-

tivity (63% and 77%) but at the price of dramatically lowering positive predictive

value (24% and 28%). In the case of hypertension, consideration of agents acting

on the renin-angiotensin system (CFA 5) leaves positive predictive value high (91%),

while sensitivity is increasing substantially (56%). In the case of T2DM, the same

algorithm (patients detection is done on the base of oral antidiabetics assumption)

increases both SE to 59% and PPV to 96%; considering repeated measurements of

glycated haemoglobin (algorithm 6), sensitivity increases to 42%, but PPV is reduced

(88%). From a descriptive point of view, the best balance between SE and PPV is

therefore algorithm 5 for both T2DM and hypertension, and algorithm 4 for IHD.
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Table 6: Overall and by LHU frequency distributions (percentage values).
LHU

1 2 3 4 5 Total
N 6949 6803 8040 5756 6401 33949

G
en
de
r F

3443 3499 4306 3017 3281 17546
(49.55) (51.43) (53.56) (52.41) (51.26) (51.68)

M
3506 3304 3734 2739 3120 16403

(50.45) (48.57) (46.44) (47.59) (48.74) (48.32)

A
ge

16−44
2835 2605 2916 2130 2815 13301

(40.80) (38.29) (36.27) (37.00) (43.98) (39.18)

45−64
2514 2246 2624 1813 2201 11398

(36.18) (33.01) (32.64) (31.50) (34.39) (33.57)

65−84
1424 1643 2082 1456 1171 7776

(20.49) (24.15) (25.90) (25.30) (18.29) (22.90)

85+
176 309 418 357 214 1474

(2.53) (4.54) (5.20) (6.20) (3.34) (4.34)

G
P

1
1464 1526 1682 961 1416 7049

(21.07) (22.43) (20.92) (16.70) (22.12) (20.76)

2
1261 1262 1755 1086 1323 6687

(18.15) (18.55) (21.83) (18.87) (20.67) (19.70)

3
1407 1492 1664 1137 1372 7072

(20.25) (21.93) (20.70) (19.75) (21.43) (20.83)

4
1373 1014 1319 1416 1288 6410

(19.76) (14.91) (16.41) (24.60) (20.12) (18.88)

5
1444 1509 1620 1156 1002 6731

(20.78) (22.18) (20.15) (20.08) (15.65) (19.83)

D
is
ea
se

T2DM
567 580 594 478 633 2852

(8.16) (8.53) (7.39) (8.30) (9.89) (8.4)

Hypertension
2456 2340 2701 1799 2024 11320

(35.34) (34.40) (33.59) (31.25) (31.62) (33.34)

IHD
258 275 433 235 213 1414

(3.71) (4.04) (5.39) (4.08) (3.33) (4.17)
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Table 7: SE and PPV: crude estimates and 95% confidence intervals.

Disease

In
de
x

C
FA

T2DM Hypertension IHD

Se
ns
it
iv
it
y

1
0.03 0.01 0.20

(0.02-0.04) (0.01-0.01) (0.18-0.22)

2
0.15 0.10 0.05

(0.14-0.16) (0.10-0.11) (0.04-0.06)

3
0.16 0.09 0.14

(0.15-0.18) (0.08-0.10) (0.12-0.16)

4
0.15 0.05 0.23

(0.14-0.17) (0.05-0.06) (0.21-0.26)

5
0.59 0.56 0.63

(0.57-0.61) (0.55-0.56) (0.60-0.65)

6
0.42 0.28 0.77

(0.40-0.44) (0.27-0.29) (0.75-0.79)

P
P
V

1
0.97 0.86 0.85

(0.90-0.99) (0.80-0.91) (0.80-0.88)

2
0.94 0.87 0.82

(0.91-0.96) (0.85-0.89) (0.72-0.89)

3
0.92 0.83 0.88

(0.89-0.94) (0.81-0.85) (0.83-0.91)

4
0.95 0.94 0.78

(0.93-0.97) (0.92-0.95) (0.74-0.81)

5
0.96 0.91 0.24

(0.95-0.97) (0.91-0.92) (0.23-0.25)

6
0.88 0.85 0.28

(0.87-0.90) (0.84-0.86) (0.28-0.29)

Tables 8, 9 and 10 describe sensitivity and positive predictive value variability

between areas for each algorithm and each pathology.

Table 8 shows crude estimates of the indices computed at LHUs level. In the case

of T2DM, the results are similar to those of table 7 except for algorithm 3, whose

sensitivity is higher in LHU 4 (44%), and except for algorithm 6 in LHU 5, for which

sensitivity decreases to 0 and consequently positive predictive value is not computable

(no subject in that LHU is classified as diabetic). In the case of hypertension, PPV

considerably decreases in LHU 4 for both CFAs 1 and 2 (50% and 72%, respectively),

while SE increases for algorithm 3 and LHU 4 (27%), and is lower for algorithm 5 and

LHU 5 (38%). Despite smaller deviations respect to the other pathologies, the validity

indices estimates change across areas in the case of IHD too: sensitivity ranges from

11% to 29% for CFA 1, from 4% to 33% for CFA 3, from 51% to 74% for CFA 5

and from 61% to 83% for CFA 6; positive predictive value is quite smaller for LHU 5

46



5 RESULTS 5.1 Descriptive analysis

and CFA 6, and for LHU 4 and CFAs 1, 2 and 4. Sensitivity and positive predictive

value were estimated also at GPs level for a total of five values per LHUs; then their

variances were computed (table 9).

Table 10 presents the results in terms of variability explained by LHUs of a linear

regression model fitted on SE and PPV computed at GPs level (no adjustment is

done). Fixing both the pathology and the algorithm, the R2 index is always higher

for sensitivity rather than for positive predictive value, except for T2DM and CFA 5

(5% vs 34%). However, as explained in the objectives of the analysis in section 3, this

comparison is not so fair as it concerns separate models, one per index, not accounting

for a potential correlation between the two response variables. The greatest shares of

sensitivity variability explained by LHUs exceed 85% for CFA 6 and T2DM, for CFA

3 and hypertension, and for CFA 3 and IHD; the same shares for positive predictive

value are 55% for T2DM and algorithm 6, 67% for hypertension and algorithm 3, and

46% for IHD and algorithm 5.
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Table 8: SE and PPV by LHU: crude estimates and 95% confidence intervals.
Sensitivity PPV

LHU LHU

D
is
ea
se

C
FA

1 2 3 4 5 1 2 3 4 5

T
2D

M
1

0.2 0.01 0.02 0.00 0.08 1.00 1.00 0.93 1.00 0.96
(0.01-0.04) (0.00-0.02) (0.01-0.04) (0.00-0.02) (0.06-0.10) (0.62-0.97) (0.42-0.95) (0.68-0.99) (0.27-0.92) (0.84-0.99)

2
0.12 0.06 0.18 0.18 0.21 0.95 0.97 0.93 0.91 0.95

(0.10-0.15) (0.04-0.08) (0.15-0.21) (0.14-0.21) (0.18-0.24) (0.87-0.98) (0.82-1.00) (0.88-0.97) (0.84-0.96) (0.88-0.97)

3
0.18 0.15 0.06 0.44 0.06 0.87 0.88 0.90 0.96 0.97

(0.15-0.21) (0.12-0.18) (0.04-0.08) (0.39-0.48) (0.04-0.08) (0.80-0.92) (0.80-0.93) (0.78-0.97) (0.93-0.98) (0.81-1.00)

4
0.14 0.21 0.11 0.11 0.18 0.95 0.96 0.90 0.96 0.97

(0.11-0.17) (0.18-0.25) (0.09-0.14) (0.08-0.14) (0.16-0.22) (0.88-0.98) (0.91-0.98) (0.83-0.96) (0.86-0.99) (0.90-0.99)

5
0.59 0.57 0.63 0.59 0.58 0.98 0.96 0.93 0.94 0.99

(0.55-0.63) (0.53-0.61) (0.59-0.67) (0.55-0.64) (0.54-0.62) (0.96-0.99) (0.93-0.98) (0.92-0.96) (0.91-0.96) (0.97-1.00)

6
0.65 0.56 0.40 0.57 0.00 0.95 0.95 0.83 0.79 -

(0.61-0.69) (0.52-0.60) (0.36-0.44) (0.52-0.61) (0.00-0.01) (0.93-0.97) (0.92-0.97) (0.81-0.89) (0.74-0.82) (0.10-0.86)

H
yo

er
te
ns
io
n

1
0.00 0.00 0.01 0.00 0.05 1.00 1.00 0.88 0.50 0.88

(0.00-0.01) (0.00-0.00) (0.01-0.01) (0.00-0.01) (0.04-0.06) (0.49-0.96) (0.20-0.90) (0.69-0.96) (0.20-0.80) (0.80-0.93)

2
0.08 0.02 0.14 0.14 0.15 0.96 0.85 0.85 0.83 0.88

(0.07-0.09) (0.02-0.03) (0.13-0.16) (0.12-0.16) (0.13-0.17) (0.92-0.98) (0.74-0.92) (0.82-0.88) (0.79-0.87) (0.85-0.91)

3
0.12 0.06 0.02 0.27 0.03 0.98 0.93 0.95 0.72 0.98

(0.10-0.13) (0.05-0.07) (0.01-0.03) (0.25-0.29) (0.02-0.04) (0.95-0.99) (0.87-0.96) (0.85-0.98) (0.69-0.75) (0.89-1.00)

4
0.03 0.07 0.04 0.06 0.05 0.98 0.92 0.93 0.90 0.99

(0.03-0.04) (0.06-0.08) (0.04-0.05) (0.05-0.09) (0.04-0.07) (0.91-0.99) (0.87-0.95) (0.87-0.96) (0.84-0.94) (0.94-1.00)

5
0.53 0.58 0.60 0.68 0.38 0.97 0.90 0.90 0.88 0.95

(0.51-0.55) (0.56-0.60) (0.58-0.62) (0.66-0.70) (0.36-0.41) (0.96-0.97) (0.88-0.91) (0.88-0.91) (0.86-0.89) (0.93-0.96)

6
0.26 0.25 0.34 0.35 0.19 0.90 0.85 0.83 0.78 0.91

(0.25-0.28) (0.23-0.27) (0.32-0.36) (0.33-0.37) (0.17-0.20) (0.87-0.92) (0.83-0.88) (0.81-0.85) (0.75-0.81) (0.88-0.94)

IH
D

1
0.29 0.11 0.20 0.22 0.19 0.86 0.97 0.86 0.76 0.82

(0.24-0.35) (0.07-0.15) (0.17-0.24) (0.11-0.17) (0.14-0.25) (0.78-0.92) (0.80-1.00) (0.78-0.92) (0.65-0.85) (0.69-0.90)

2
0.04 0.01 0.05 0.04 0.11 0.83 1.00 0.91 0.60 0.85

(0.02-0.07) (0.00-0.03) (0.03-0.07) (0.02-0.07) (0.07-0.16) (0.52-0.96) (0.26-0.92) (0.71-0.98) (0.35-0.81) (0.67-0.94)

3
0.33 0.11 0.05 0.20 0.04 0.88 0.94 0.91 0.87 0.69

(0.28-0.39) (0.07-0.15) (0.03-0.07) (0.15-0.26) (0.02-0.08) (0.80-0.93) (0.78-0.98) (0.71-0.98) (0.76-0.94) (0.41-0.88)

4
0.31 0.25 0.19 0.20 0.25 0.80 0.84 0.79 0.67 0.76

(0.25-0.37) (0.20-0.30) (0.16-0.23) (0.15-0.25) (0.19-0.31) (0.71-0.86) (0.75-0.90) (0.70-0.86) (0.55-0.76) (0.65-0.84)

5
0.67 0.51 0.74 0.62 0.51 0.24 0.21 0.29 0.18 0.27

(0.61-0.73) (0.45-0.57) (0.69-0.78) (0.56-0.68) (0.44-0.58) (0.22-0.26) (0.18-0.23) (0.27-0.31) (0.16-0.20) (0.23-0.30)

6
0.77 0.82 0.78 0.83 0.61 0.27 0.30 0.32 0.22 0.32

(0.71-0.82) (0.77-0.86) (0.74-0.82) (0.78-0.88) (0.54-0.67) (0.25-0.30) (0.28-0.33) (0.30-0.34) (0.20-0.23) (0.28-0.35)

"-" stands for not a number values because of division by zero.
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Table 9: SE and PPV by LHU: variances at GPs level.

Sensitivity PPV

LHU LHU

D
is
ea
se

C
FA

1 2 3 4 5 1 2 3 4 5

T
2D

M

1 0.00 0.00 0.00 0.00 0.00 0.00 - 0.01 0.00 0.01
2 0.00 0.00 0.00 0.00 0.01 0.00 0.02 0.01 0.00 0.00
3 0.01 0.00 0.00 0.04 0.01 0.07 0.01 0.01 0.00 -
4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
5 0.02 0.00 00.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
6 0.01 0.02 0.01 0.01 0.00 0.00 0.00 0.00 0.01 -

H
yp

er
te
ns
io
n 1 0.00 0.00 0.00 0.00 0.00 - - 0.02 0.19 0.02

2 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00
3 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00
5 0.00 0.01 0.01 0.00 0.01 0.00 0.00 0.00 0.01 0.00
6 0.01 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.01 0.00

IH
D

1 0.00 0.00 0.01 0.00 0.01 0.02 0.00 0.02 0.02 0.02
2 0.00 0.00 0.00 0.00 0.00 0.05 - 0.03 0.05 0.01
3 0.01 0.00 0.00 0.00 0.00 0.02 0.02 0.02 0.01 -
4 0.01 0.00 0.01 0.00 0.00 0.01 0.02 0.01 0.04 0.02
5 0.01 0.01 0.00 0.01 0.01 0.00 0.00 0.00 0.00 0.00
6 0.00 0.00 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00

"-" stands for not a number values because of division by zero.
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Table 10: SE and PPV at GPs level. Variability explained by LHUs: R2 index.

D
is
ea
se

C
FA

Sensitivity PPV

T
2D

M

1 0.52 0.18
2 0.48 0.04
3 0.74 0.14
4 0.58 0.14
5 0.05 0.34
6 0.87 0.55

H
yp

er
te
ns
io
n 1 0.67 0.36

2 0.66 0.30
3 0.87 0.67
4 0.30 0.25
5 0.69 0.30
6 0.59 0.41

IH
D

1 0.50 0.20
2 0.66 0.35
3 0.84 0.24
4 0.37 0.14
5 0.61 0.46
6 0.67 0.39
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5.2 Sampling

The population of this thesis case study amounts to 33949 individuals. Despite

of a simple and common structure, the dataset length in terms of number of records

motivates the application of the multivariate probit model to a sample of patients

and not to all of them. For model fitting in general, the more the observations

the better the inferential results reliability. However, this could be a problem as

concerns the computational aspect, mainly in terms of storage: the Gibbs sampler

implementation described in the previous section requires the construction of high

dimensional vectors and matrices; in addition, many cycles must be nested in other

cycles, for example in the Metropolis step to draw the correlation matrix R in each

iteration. The programming language used, R, holds all objects in virtual memory,

hence having some limits which differ between 32-bit and 64-bit operation systems.

A failure to obtain memory can be either because the size exceeded the address-space

limit for a process or, more likely, because the system has been unable to provide

it. There are also restrictions on individual objects: the storage space cannot exceed

the address limit, and an error message begins when trying to exceed it; the bytes

number in a character string is limited to 231 − 1 ≈ 2 · 109, which is also the limit on

each dimension of an array. There are many ways to face these problems: firstly, the

Gibbs sampler itself could be modified in order to make it more efficient; otherwise,

packages like data.table or ff could be used; finally, a sample of the population could

be drawn. This last solution is adopted herein as the first two, strictly connected to

the computational aspect, are of minor interest. However, it is important to keep in

mind that also working on a sample of the original data can have some drawbacks

if the population is not well represented in terms of both response and covariates

distributions.

For the above issues, inference corresponding to each disease-CFA couple was

done using a sample of N = 2000 individuals out of the 33949 who entered the study.

The basic criterion of the drawing schemes was the following: persons who were not

disease-affected both in reality and in the algorithm classification (true negatives) were

undersampled by fixing a percentage of 15%; the remaining percentage was distributed

on the base of the other three response categories (true positives, false positives and

false negatives), by respecting their original proportions. The main reasons concern

both a computational and a predictive aspect: in sensitivity and positive predictive

value formulas, already shown in table 3 of section 2, the true negatives number is

not involved, i.e. it is more important to predict the other three categories so that it
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is possible to calculate the indices avoiding problems, such as division by zero which

is not allowed.

Table 11 shows the drawing scheme above described and the results for T2DM and

CFA 1, while the other seventeen are in appendix C., from table 20 to 36: columns 1

and 2 are referred to all the 33949 individuals and they report, respectively, the four

response categories frequency and percentage value; then, with a fixed sample size of

2000 and a percentage of 15% for the true negatives, columns 3 and 4 contain the

remaining values computed for the true positives, the false negatives and the false

positives to complete the sample.

Table 11: Sampling scheme for T2DM and CFA 1.

Overall Sample
Response category Frequency % Frequency %

True positive 83 0.24 49 2.47
False negative 2769 8.16 1649 82.44
False positive 3 0.01 2 0.09
True negative 31094 91.59 300 15.00

Total 33949 100.00 2000 100.00

The issue of sampling is related to covariates too: theoretically, one should check

insofar as their multivariate distribution is changed; in fact, it is complicated, even if

possible, and particular methods would be necessary. Herein, the focus is limited to

the variable referred to LHUs, which is the most important for this analysis purposes:

it would be optimal to observe no underrepresented or overrepresented region when

comparing the results to those of the original dataset; otherwise, it would be better

to apply weights in an appropriate way while making inference. Table 37 in appendix

C. summarizes the sample frequencies by LHU for each disease and each CFA. In all

cases, the percentage of patients belonging to each of the five LHUs is around 20%:

it is always the lowest for Tuscany and, except for algorithms referred to T2DM, it is

the highest for Emilia-Romagna. In addition it is easy to see that by row variability

is due to the drawing rule proposed. On the whole, from a descriptive point of view,

no particular unbalance is identified in comparison with the across-areas distribution

of all the 33949 patients. For these reasons, no system of weights is used in the

following inferential analysis. Finally, it is worth specifying that, in order to grant

specific by LHU frequencies, a stratified sampling could be suitable; however, it should

still be matched with the above scheme, which is more complex because of too low

dimensions.
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5.3 Inferential analysis

A bivariate probit model as described in section 4 was applied on each disease-CFA

couple, for a total of eighteen models. The response variable for a generic individual

i = 1, ..., 2000 is a 2× 1 vector Yi = (Yi1, Yi2)′: its first binary component, Yi1, refers

to the true patient’s health status (1 if disease-affected, 0 otherwise), while its second

binary component, Yi2, measures the algorithm classification (1 if disease-affected

according to the established criteria, 0 otherwise). Yi1 and Yi2 depend on the same

covariates without any constraint, i.e. the association between Yi and an independent

variable Xi, being the rest fixed, is expressed by two different regression coefficients,

one per response component. For a total of sixtysix coefficients per model, including

intercept, all the regressors are at patients level; they are the following:

• Age: a factor of four levels modeled by three dummy variables: the first level

includes people between 16 and 44 years old (reference category), the second

people between 45 and 64 years old, the third people aged between 65 and 84,

the last one people aged 85 years or more. Labels from age2 to age4 are used.

• Sex: a two-level factor for gender (women is the reference). Label Gender is

used.

• GP: a regressor modeled by 24 indicator variables for the 25 general practitioners

(doctor 1 from LHU 1 is the reference). Thus, for every individual, the doctor

whose diagnosis classified him as truly diseased or not is known. Labels from

dott2 to dott25 are used.

• Area: the regressor of greatest interest pointing out which of the 5 LHUs patient

i belongs to; four dummies are used considering LHU 1 as reference. Labels from

area2 to area5 are used.

According to the formulation in terms of latent Gaussian variables, another essen-

tial parameter is the correlation coefficient ρ between the normal response components

underlying the observed ones: it is the only unknown element of the 2× 2 correlation

matrix R.

The same MCMC algorithm was implemented in R language on each of the eigh-

teen models for posterior analysis: a Gibbs sampler with a Metropolis step for ρ,

still following the guidelines traced in detail in the objectives and methods section.

S = 20000 iterations were fixed, except for T2DM and CFA 1, T2DM and CFA 6,
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hypertension and CFA 1, hypertension and CFA 3, hypertension and CFA 4, and IHD

and CFA 2: in those cases, S was increased at 40000 because of not reached conver-

gence after the first time the Markov chain was applied. Prior parameters were set in

order to work with uninformative prior distributions: the regression coefficients mul-

tivariate normal density was centered around the null vector with a diagonal precision

matrix made of 0.01 values everywhere. Initial values were chosen before beginning

the simulations: for the data augmentation step, the latent variables were forced

to equal the corresponding observed ones; ρ and all the remaining parameters were

specified equal to 0.5 and 0, respectively.

Figures from 7 to 41 in Appendix D. summarize the results on convergence check-

ing model by model: the six ones of T2DM are shown first, then the six ones of

hypertension, finally those of IHD. Overall, a warm-up period of 1000 simulations

was chosen and thinning parameters of 19 and 39 were fixed for 20000 and 40000 iter-

ations respectively, so that 1000 of the S original simulated values could be examined

as a posterior density approximation. Trace plots and autocorrelation plots resulting

from the Gibbs sampler implementation on each model are shown. Except for the

correlation coefficient, which is unique for every response vector Yi, two graphical

representations with two different colours are overlapped: covariate by covariate, the

black chain is referred to the coefficient for the first outcome component Yi1, the real

patient disease status, while the red one corresponds to the coefficient for the second

outcome component Yi2, the CFA classification; in this way, it is easier to depict sim-

ilar trends, i.e. it is easier to understand if it might be worth rerunning some models

with particular constraints.

For half of the models, there is no evidence of failed convergence as the chains swing

around a single value during all the 1000 steps and their autocorrelation function

gets to zero from the first lags. In some cases, the result is doubtful: in CFAs 1,

3 and 6 for T2DM, CFA 3 for hypertension, and CFAs 2 and 3 for IHD, it seems

that stationarity is weaker for some second response equation parameters; this is

connected to the fact that the same simulations present higher and not immediately

decreasing autcorrelations, ranging approximately from 0.2 up to 0.8. Finally, two

Gibbs samplers for hypertension have clearly not converged: in CFAs 1 and 4, for

many covariates, mainly those indicating which doctor each patient belongs to, it is

easy to see that the second outcome component coefficient moves slowly throughout

the parameter space because of high autocorrelated chains. In this regard, it seems

that the Metropolis step for ρ has not slown down the pathway towards the target
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distribution: in all cases the acceptance rate swings approximately from 50% to 60%

(see table 38 in appendix D.)

There can be several explanations to both the above identified situations of un-

certain and not reached stationarity. Assuming that no formal mistake in model

formulation and/or in the Gibbs sampler implementation was done, one reason can

be related to data itself. Indeed, in the original samples, when exploring the out-

come frequencies conditional on those covariates for which the associated plots reveal

convergence problems, it comes out that there are few or even zero patients whose

vector Y equals (1, 1)′ or (0, 1)′. An example is shown in table 12: in sample data

for T2DM and CFA 1, doctors 2, 4, 7, 9, 12, 14 and 19 have neither true positive nor

false positive patients, and it doesn’t seem concidence that they are just the regressors

from which failed convergence has been detected before. In a maximum likelihood

perspective, such situation would bring problems or even inability in getting esti-

mates by common iterative methods because of the lack/absence of observations in

some cells corresponding to an outcome category conditional on a covariate; in fact,

it would be as if the parameters associated to that covariate couldn’t be computed

for these cathegories or for some comparisons in which they are involved. From a

Bayesian point of view, this kind of trouble might result in complicating the Gibbs

sampler simulations and, thus, in not getting to the target distribution. For these

reasons, a solution might be found working with the original dataset, that is on all

33949 individuals in the study population instead of the only 2000 sampled. How-

ever, as already argued in section 5.2, the herein implemented algorithm probably

faces storage problems which require to draw much less observations. On the other

hand, table 13 shows that the same problem could remain: the same frequencies of

table 12 are reported with reference to the complete beginning population.

Because of clear failure to achieve and approximate the target posterior distri-

bution, this section reports only part of the results referred to CFAs 1 and 4 for

hypertension.
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Table 12: T2DM and CFA 1. Original sample frequencies conditional on covariates

whose coefficient chains reveal not reached convergence.

Response Y

(1, 1)′ (1, 0)′ (0, 1)′ (0, 0)′

Covariate True positive False negative False positive True negative
area4 1 284 0 46
dott2 0 65 0 13
dott4 0 54 0 9
dott7 0 70 0 0
dott9 0 43 0 3
dott12 0 71 0 0
dott14 0 45 0 8
dott19 0 99 0 14
dott24 1 43 0 12

Table 13: T2DM and CFA 1. Original population frequencies conditional on covari-

ates whose coefficient chains reveal not reached convergence.

Response Y

(1, 1)′ (1, 0)′ (0, 1)′ (0, 0)′

Covariate True positive False negative False positive True negative
area4 2 476 0 5278
dott2 0 110 0 1416
dott4 0 85 0 876
dott7 0 115 0 1147
dott9 1 64 0 1021
dott12 0 122 0 1370
dott14 0 92 0 1045
dott19 0 162 0 1254
dott24 1 73 0 1082

Table 14 summarizes the marginal posterior distributions of two covariates coeffi-

cients for the MVP model on T2DM and CFA 2, for which stationarity seems to be

reached. Such variables are eta3 and area3, respectively, the third age class dummy

(45-64 years) and the third LHU dummy (Emilia-Romagna). According to the model

framework, each parameter has two posterior densities, one referred to the Yi1 re-

sponse component, the other to Yi2. Thus, for this disease-CFA couple and having

fixed the rest, the first row describes how being 45-64 years old is associated to being

T2DM-affected, the second one describes how the same age contrast is associated to

being CFA-positive, the third row depicts the relation between being T2DM-affected

and being in LHU 3 rather than in LHU 1, the fourth row depicts the relation between

the same covariates contrast and being CFA-positive. Posterior distributions for area3

quite overlap, while those for eta3 are shifted, which can be noticed in their traceplot
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too (see figure 9 in appendix D.). It is reasonable to think that these differences

have an impact on the indices conditional distributions, in the sense that a covariate

association with SE might not be the same as the one with PPV. In that case, it

could be worth coming back to descriptive summaries and, if necessary, analysing the

two measures in population subsets. In this regard, for completeness, table 15 shows

sensitivity and positive predictive value computed on the original 33949 individuals

by age and by LHU, the two variables considered in table 14.

Table 14: T2DM and CFA 2. Marginal posterior distribution synthesis for two re-

gression coefficients: mean value, 2.5% and 97.5% percentiles.

Covariate Equation Mean 2.5% 97.5%

eta3
1 2.14 1.92 2.37
2 1.26 0.80 1.77

area3
1 -0.23 -8.44 7.67
2 -0.50 -8.57 7.87

Table 15: SE and PPV computed by age and by LHU on the original population.

Age LHU
Index 15-44 45-64 65-84 85+ 1 2 3 4 5

SE 0.06 0.09 0.17 0.22 0.12 0.06 0.18 0.17 0.21
PPV 0.78 0.91 0.96 0.89 0.94 0.97 0.93 0.91 0.95

In order to answer the research questions following the methodology herein pro-

posed, inferential analysis should mainly focus on sensitivity and positive predictive

value posterior distributions. For each pathology and each CFA, these have been

derived from the response posterior predictive distributions: iteration after iteration,

the proportion of true positive predicted people among those who are disease-affected

predicted has been computed, together with the proportion of true positive predicted

people among those who are CFA-positive predicted. First of all, it is important to

understand if and how much model results differ from the starting ones in descriptive

analysis. Table 16 shows this: row by row, for the eighteen disease-CFA couples,

column 1 reports SE estimate on all 33949 population individuals, while column 2

reports the same measure on the 2000 sampled ones; then, SE posterior distribution

is summarized by its mean (column 3), and by its percentiles 2.5% (column 4) and

97.5% (column 5). Columns from 6 to 10 contain the aforesaid measures for PPV.

First, it seems that the sampling scheme explained in section 5.2 has worked: for sen-

sitivity, column 1 equals column 2 and for positive predictive value, column 6 equals
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column 7, thus suggesting that the drawn patients may be enough representative of

the entire dataset, even if it is always better doing inference using all the available

observations.

A second aspect to highlight concerns the location of the two indices posterior

predictive distributions: for each disease and each CFA, their mean has the same or

almost the same value as both the population and the sample point estimate (column

3 compared with columns 1 and 2, and columns 8 compared with columns 6 and

7, respectively for SE and PPV). This happens strongly for sensitivity as there are

absolute differences measuring at least 0.02, except for that referred to IHD and CFA

5, which is, however, still law (0.07). For positive predictive value, posterior means

from all the models on T2DM are a few higher, those from the models on hypertension

are lower except for CFAs 4 and 5, as well as those from the models on IHD except

for CFA 5.

Finally, besides location, also posterior distribution dispersion around it must be

taken into account: in more than half of the cases, 95% of the values falls in a very

close range. This can be more easily pointed out in figures 4, 5 and 6, where the

two indices distribution (coloured black for SE and red for PPV) is shown for the

six CFAs of T2DM, those of hypertension and those of IHD, respectively: they are

approximately Gaussian with very low variances. In the remaining cases, consequences

due to high autcorrelated chains are clear: for T2DM and CFA 1, hypertension and

CFA 1, IHD and CFA 2, where SE distribution is tight around its central value,

PPV distribution is much wider, meaning that in both cases very similar values are

drawn during a lot of consecutive iterations of the Gibbs sampler. It is also clear that

the only algorithms and pathology for which sensitivity distribution stands at the

right of positive predictive value’s one are CFAs 5 and 6 for IHD. This exchange can

be reasonably explained: in both cases, individuals classification criteria are defined

by the use of specific drugs, which can at the same time be prescribed for several

pathologies other than heart disease. As consequence, PPV denominator increases

while the index itself decreases. In all diseases, something opposite happens for CFAs

1 and 2, the ones which determine if a patient is ill by mean of hospital diagnoses. In

those situations, sensitivity is very low because it strongly depends on personal access

to hospital: unless serious health conditions, people are usually limited to other kinds

of control, like general practitioner visits. Thus, SE numerator can be small compared

to its denominator.
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Table 16: SE and PPV: sampling check and posterior distributions (mean, 2.5% and 97.5% quantiles).

Sensitivity PPV

D
is
ea
se

C
FA

All Sample Model All Sample Model
mean 2.5% 97.5% mean 2.5% 97.5%

T
2D

M
1 0.03 0.03 0.03 0.02 0.04 0.97 0.96 0.91 0.82 0.98
2 0.15 0.15 0.15 0.13 0.17 0.94 0.94 0.91 0.87 0.95
3 0.16 0.16 0.15 0.13 0.18 0.92 0.92 0.86 0.81 0.90
4 0.15 0.15 0.14 0.12 0.17 0.95 0.95 0.89 0.84 0.93
5 0.59 0.59 0.56 0.53 0.59 0.96 0.96 0.91 0.88 0.93
6 0.42 0.42 0.41 0.38 0.43 0.88 0.88 0.85 0.81 0.88

H
yp

er
te
ns
io
n 1 0.01 0.01 0.01 0.01 0.02 0.86 0.86 0.87 0.68 1.00

2 0.10 0.10 0.11 0.09 0.13 0.87 0.87 0.92 0.87 0.96
3 0.09 0.09 0.09 0.07 0.11 0.83 0.83 0.84 0.78 0.90
4 0.05 0.05 0.05 0.04 0.07 0.94 0.94 0.93 0.88 0.98
5 0.56 0.56 0.54 0.51 0.57 0.91 0.91 0.89 0.86 0.91
6 0.28 0.28 0.29 0.26 0.32 0.85 0.85 0.87 0.84 0.90

IH
D

1 0.20 0.20 0.19 0.17 0.22 0.85 0.85 0.80 0.74 0.85
2 0.05 0.05 0.05 0.03 0.06 0.82 0.82 0.80 0.70 0.89
3 0.14 0.14 0.12 0.10 0.15 0.88 0.88 0.79 0.72 0.86
4 0.23 0.23 0.24 0.21 0.27 0.78 0.78 0.79 0.75 0.84
5 0.63 0.63 0.70 0.65 0.75 0.24 0.24 0.27 0.24 0.30
6 0.77 0.77 0.75 0.71 0.80 0.28 0.28 0.28 0.25 0.32
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Figure 4: T2DM: SE and PPV posterior distributions.
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Figure 5: Hypertension: sensitivity and PPV posterior distributions. CFAs 1 and 4

are omitted for not reached convergence.
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Figure 6: IHD: sensitivity and PPV posterior distributions.
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The last three tables contain the most interesting results for this thesis main pur-

pose of detecting which measure between sensitivity and positive predictive value is

less variable across LHUs for each disease-CFA couple, by the mean of the Bayesian

bivariate probit model. Their posterior distribution is synthetized as follows. Condi-

tional on areas, missing values, or, more correctly, not a number values (NANs) are

counted first: both indices are, in fact, proportions, and thus they are not computable

if their denominator is predicted to be zero. This happened only for PPV in six mod-

els with quite heterogeneous results, varying from barely 2 NANs for LHU 3 in the

couple T2DM-CFA 4 to 889 for LHU 5 in the couple T2DM-CFA 6, and to 464, 935,

463 and 994 for LHUs 1, 2, 3 and 4, respectively, in the couple hypertension-CFA 1.

Trying to explain such outcomes, previous discussion on convergence checking could

be helpful: it is important to notice that missing values are produced for models

whose chains from the Gibbs sampler showed doubtful or not reached stationarity.

In such cases, the original samples had a lack or even an absence of false positive

patients corresponding to several general practitioners and, thus, to the LHUs these

doctors belong to; as consequence, it is reasonable to think that positive predictive

values which weren’t computable before making inference tend not to be reproduced

after model implementation. In order to avoid misinterpretations and make wrong

inference, results are not reported not only for models corresponding to not reached

stationarity but also for those which predict more than 20% of not a number values

(the rule is arbitrary).

Beside NAN values, posterior means and standard deviations within areas are

shown, the last ones in round brackets. Finally, the grey columns (number 7 for

SE and number 14 for PPV) represent summaries of another posterior distribution,

which is referred to the between LHUs variability: iteration after iteration, the indices

were computed in each LHU and then, the standard deviation of these five values

could be calculated; the mean across the 1000 simulated standard deviations is the

synthetic measure the tables report. Generally, within LHUs posterior means seem

quite close to the overall ones. More in detail, however, wider distances can be

pointed out, mainly referred to sensitivity: for T2DM, in CFAs 3 (0.40 in LHU 4

vs 0.15 overall) and 6 (0.00 in LHU 5 vs 0.41 overall); for hypertension, in CFAs 3

(0.30 in LHU 4 vs 0.09 overall) and 5 (0.38 in LHU 5 vs 0.54 overall); for IHD, in

CFAs 3 (0.28 in LHU 1 vs 0.12 overall) and 6 (0.60 in LHU 5 vs 0.75 overall). In

such list, algorithm 3 appears for all diseases. It is the one that classifies patients

according to the received exemption, a criterium whose results presumably depend

on age; not by chance, SE has higher values in LHU 4 corresponding to Tuscany,
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a region where elderly population is predominant. When analyzing the oucomes

model by model, an analytical relation between sensitivity and positive predictive

value comes out: where PPV posterior distribution has NAN values, SE posterior

mean is close or even equal to 0. This is probably connected to the above discussed

prediction problems deriving from too small original sample sizes: in some iterations,

neither true positive nor false positive individuals are predicted, and that is why

one index is not computable while the other one is exactly 0; by the way, some

distributions are synthetized throughout less than 1000 observations. However, it

is important to remember that such distributions just coincide with those on which

inference may not be valid because of not reached or dubious stationarity. The same

warning must be kept in mind when examining the within and between LHUs standard

deviations. Overall, these two kinds of variability do not greatly differ, except for the

following cases for sensitivity: in the couples T2DM-CFA 3, hypertension-CFA 3,

hypertension-CFA 5 and IHD-CFA 3 the between standard deviation posterior mean

is greater than the within standard deviations of about 0.10 points of difference.

However, it should be noticed that some models for which this divergence happens

show convergence problems, thus, suggesting that there could be a connection between

internal variability and missing values. Finally, for each disease and each algorithm, it

appears that the two indices between standard deviations are similar in terms of mean

values. That is not an a priori expected result, but it could be explained considering

the above discussed relation between the two validation measures: actually, both the

true positives and the false positives frequencies, which determine NAN values for

PPV and null posterior means for SE, could also affect their variabilities, in the sense

of being quite similar. In addition, when comparing the grey columns, another result

stands out: positive predictive value is on average less variable across regions than

sensitivity; so, it should be preferred when applying the herein CFAs to new data, at

least according to this case study. Obviously, further analysis with other tools should

be done to investigate such outcome; they are described in the conclusions section.
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Table 17: T2DM: SE and PPV by LHU. Posterior distribution synthesis: missing values, mean, (within and between standard deviation). No result

is reported for models which did not reach convergence or whose NAN values exceed 200.
Sensitivity PPV

LHU LHU

CFA 1 2 3 4 5 Overall Between 1 2 3 4 5 Overall Between

1

NA=0 NA=0 NA=0 NA=0 NA=0 NA=4 NA=217 NA=1 NA=434 NA=0
- - - - - - - - - - - -
- - - - - - - - - - - -

2

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.12 0.06 0.18 0.16 0.21 0.15 0.92 0.93 0.89 0.89 0.93 0.91

(0.02) (0.02) (0.03) (0.03) (0.03) 0.06 (0.04) (0.06) (0.04) (0.05) (0.03) 0.05

3

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.17 0.14 0.06 0.40 0.06 0.15 0.84 0.88 0.84 0.85 0.91 0.86

(0.03) (0.03) (0.02) (0.04) (0.02) 0.14 (0.05) (0.05) (0.08) (0.04) (0.06) 0.06

4

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.14 0.20 0.11 0.09 0.16 0.14 0.89 0.88 0.87 0.87 0.91 0.89

(0.03) (0.03) (0.02) (0.02) (0.02) 0.05 (0.04) (0.04) (0.06) (0.06) (0.04) 0.05

5

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.58 0.54 0.58 0.58 0.54 0.56 0.92 0.92 0.89 0.88 0.93 0.91

(0.04) (0.04) (0.03) (0.04) (0.03) 0.04 (0.02) (0.02) (0.02) (0.03) (0.02) 0.03

6

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=889
- - - - - - - - - - - -
- - - - - - - - - - - -
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Table 18: Hypertension: SE and PPV by LHU. Posterior distribution synthesis: missing values, mean, (within and between standard deviation). No

result is reported for models which did not reach convergence or whose NAN values exceed 200.
Sensitivity PPV

LHU LHU

CFA 1 2 3 4 5 Overall Between 1 2 3 4 5 Overall Between

1

NA=0 NA=0 NA=0 NA=0 NA=0 NA=464 NA=935 NA=463 NA=994 NA=0
- - - - - - - - - - - -
- - - - - - - - - - - -

2

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.08 0.03 0.15 0.18 0.15 0.11 0.95 0.94 0.93 0.91 0.89 0.92

(0.02) (0.01) (0.02) (0.03) (0.03) 0.06 (0.04) (0.08) (0.04) (0.04) (0.05) 0.05

3

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=11 NA=0 NA=2
0.11 0.07 0.02 0.30 0.02 0.09 0.90 0.91 0.91 0.80 0.87 0.84

(0.02) (0.02) (0.01) (0.04) (0.01) 0.12 (0.05) (0.06) (0.12) (0.04) (0.13) 0.09

4

NA=0 NA=0 NA=0 NA=0 NA=0 NA=5 NA=0 NA=2 NA=0 NA=0
0.02 0.08 0.03 0.10 0.07 0.05 0.96 0.93 0.94 0.94 0.91 0.93

(0.01) (0.02) (0.01) (0.03) (0.02) 0.04 (0.08) (0.05) (0.07) (0.05) (0.07) 0.06

5

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.49 0.58 0.59 0.66 0.38 0.54 0.92 0.91 0.87 0.85 0.91 0.89

(0.03) (0.03) (0.03) (0.04) (0.04) 0.11 (0.02) (0.02) (0.03) (0.03) (0.03) 0.04

6

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.28 0.27 0.34 0.37 0.16 0.29 0.92 0.87 0.87 0.84 0.87 0.87

(0.03) (0.03) (0.03) (0.04) (0.03) 0.09 (0.03) (0.04) (0.03) (0.04) (0.05) 0.04
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Table 19: IHD: SE and PPV by LHU. Posterior distribution synthesis: missing values, mean, (within and between standard deviation). No result is

reported for models which did not reach convergence or whose NAN values exceed 200.
Sensitivity PPV

LHU LHU

CFA 1 2 3 4 5 Overall Between 1 2 3 4 5 Overall Between

1

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.26 0.09 0.20 0.23 0.19 0.19 0.76 0.82 0.83 0.80 0.77 0.80

(0.04) (0.02) (0.02) (0.04) (0.03) 0.07 (0.05) (0.08) (0.04) (0.05) (0.07) 0.06

2

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=227 NA=0 NA=0 NA=0
- - - - - - - - - - - -
- - - - - - - - - - - -

3

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.28 0.10 0.05 0.20 0.05 0.12 0.74 0.85 0.86 0.81 0.81 0.79

(0.04) (0.02) (0.01) (0.03) (0.02) 0.10 (0.05) (0.07) (0.08) (0.06) (0.12) 0.08

4

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.30 0.24 0.21 0.23 0.26 0.24 0.77 0.81 0.84 0.75 0.78 0.79

(0.04) (0.03) (0.03) (0.04) (0.04) 0.05 (0.05) (0.05) (0.04) (0.06) (0.06) 0.06

5

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.69 0.70 0.75 0.76 0.57 0.70 0.25 0.28 0.29 0.22 0.31 0.27

(0.06) (0.05) (0.04) (0.06) (0.06) 0.09 (0.03) (0.04) (0.03) (0.03) (0.05) 0.05

6

NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0 NA=0
0.76 0.75 0.79 0.85 0.60 0.75 0.26 0.28 0.32 0.22 0.39 0.28

(0.05) (0.05) (0.04) (0.04) (0.06) 0.10 (0.04) (0.04) (0.03) (0.03) (0.05) 0.07
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6 Conlcusions

This thesis arose from the encounter between statistics and epidemiology, with a

background belief that the first science represents a useful support to collect, syn-

thesize and elaborate data, and, consequently, to produce information which can be

correctly exploited in the medical field.

The MATRICE project gave a remarkable contribution to managing the Italian

Administrative Dabases, with the main objective of sharing common information

bases to reach strategies and tools which can transversely read regional healthcare

systems compared to complicated and continuative welfare pathways. The herein

work focused only on one phase and aspect of the study, that is validation of case-

finding algorithms to detect, among chronic pathologies, diabetes, hypertension and

ischaemic heart disease. The primary aim was finding a model and formulating a

general framework in order to detect for each disease-CFA couple which validation

index between sensitivity and positive predictive value is less variable across regions

in a generalization perspective.

The multivariate probit model was proposed for its several features which make

it particularly suitable for the analysis of correlated binary data, allowing for flexible

modelling of the association structure underlying the latent data. Maximum likelihood

estimation is not feasible in closed form in the MVP class of models; in addition,

likelihood-based approaches for estimation are very expensive due to intractability of

the high-dimensional integral that needs to be solved. On the contrary, the Bayesian

framework is attractive because it grants the computation of both a full posterior

distribution on all unknown parameters and a full posterior predictive distribution on

the outcome.

The algorithm suggested in section 4.2.1.2 uses parameter expansion for data aug-

mentation, which gives full conditional distributions in closed form, except for the

correlation coefficient; this allows the implementation of a Gibbs sampler with a

Metropolis step. Marginally, the results are consistent with previous findings and

with the indices expected behaviour as regards all diseases and CFAs under study.

Conditional on areas, posterior analysis reveals that sensitivity and positive predictive

value seem to variate across LHUs quite similarly, with between standard deviations

that are slightly higher for SE in almost all disease-CFA couples. That suggests to

think at these measures as two sides of the same coin, in the sense that their analytical

relation in terms of point estimates reflects on their variability too; at the same time,
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being PPV more stable, confidence that such index can be generalized more easily

than the other one increases, not only in this case study but also generally, at least in

the validation of case-finding algorithms for any pathologies. Assuming that neither

structural nor implementation errors affect the herein setting, in future work, it would

be important to further investigate on such outcome: in fact, the multivariate probit

model formulation could help in finding exact formulas which clarify what connects

and makes similar SE and PPV between LUHs variances. Thus, the latent response

components should be given a meaning and their correlation coefficient should be con-

sidered. Then, focusing on the predictive aspect, cross-validation could be done, so

that this thesis results on the two indices between LHUs variability can be confirmed.

Additional work should definitely be done on the proposed Gibbs sampler implemen-

tation, as it faces problems for which inference is dubious or even not interpretable.

For 20000 iterations, the program was taking on average 6 hours to run in R and, in

this regard, efficiency could be improved from both a theroretical and a computational

point of view. On one side, the Metropolis step for ρ could be fastened by changing

the tuning parameter or the proposal distribution, which could also lead to less auto-

correlated chains; moreover, the identifiability issue could be deepened, for example,

by trying other prior distributions and choosing those for which posterior distribu-

tions simplify implementation. On the other side, different programming strategies

and tools could be studied and then used to modify the algorithm, so that storage

problems can be avoided. In connection with this, it is important to remember that

only 2000 out of 33949 of the original population individuals had to be sampled in

order to face complications deriving from too high-dimensional vectors and matrices

construction: despite reasonable results, this clearly represents a limitation ad makes

the algorithm loose generality.

Beyond the herein case study, there are many applications of the multivariate

probit model, as correlated binary data arise in many settings. Biological, medical,

econometric and social studies often yield binary or dichotomous data of several types,

from longitudinal to panel ones; the model and the algorithm proposed in this thesis

could be adapted to such situations. Finally, a natural and straightforward extension

is to multinomial and ordinal probit, where the latent variables are tresholded to

multiple intervals.
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7 Appendices

A. The Multivariate Normal Distribution

The multivariate normal probability density function of a p× 1 vector of random

variables Y = (Y1, Y2, ..., Yp)
′ is

f(y|µ,Σ) = (2π)−p/2|Σ|−1/2exp

(
−1

2
(Y − µ)′Σ−1(Y − µ)

)
,

where elements of Y can take any real value, µ = (µ1, µ2, ..., µp)
′ is a p× 1 vector of

real numbers with E(Yj) = µj ∀j = 1, ..., p and Σ is a p× p positive definite matrix

with var(Y) = Σ.

The above density can be written also in terms of the precision matrix Λ = Σ−1:

f(y|µ,Λ) = (2π)−p/2|Λ|1/2exp

(
−1

2
(Y − µ)′Λ(Y − µ)

)
.

Conditional normal distribution

Suppose Y, of dimension p × 1, follows a multivariate normal distribution with

mean µ and variance-covariance matrix Σ. Suppose to partition Y into Yq and

Yr where p = q + r, Yq = (Y1, Y2, ..., Yq)
′ and Yr = (Yq+1, Yq+2, ..., Yp)

′. Thus,

Y = (Y′q,Y
′
r)
′. Partition the mean in the same way into µp and µr, and partition

the p× p variance-covariance matrix as

Σ =

(
Σq Σqr

Σrq Σr

)
,

where Σq has dimension q×q, Σr dimension q×r, Σqr dimension q×r, Σrq dimension

r × q and Σ′rq = Σqr.

Then, Yq has a multivariate normal distribution with mean µq and variance Σq,

and the conditional distribution f(Yr|Yq) is multivariate normal with mean

µr + (Yq − µq)Σ−1qq Σqr

and variance

Σr −ΣrqΣ
−1
qq Σqr.
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B. Directed acyclic graphs in Bayesian inference

A graphical model, or probabilistic graphical model (PGM), is a probabilistic

model for which a graph expresses the conditional dependence structure between ran-

dom variables. Generally, PGMs use a graph-based representation as the foundation

for encoding a complete distribution over a multi-dimensional space and a graph that

is a compact or factorized representation of a set of independences that hold in the

specific distribution. Thus, many of the classical multivariate probabilistic systems

studied in statistics are special cases of this general formalism which is herein skipped.

Among the different types of graphical models, the one for which this appendix section

describes some basic principles is commonly used in Bayesian statistics as it represents

a useful language to formulate and understand models; in addition, it is an instru-

ment to make efficient computations for inference. In particular, in the context of a

Gibbs sampler formulation, the stochastic framework representation through a graph-

ical model clarifies which are the variables to use when specifying a full conditional

distribution.

A graph consists of both a set of nodes (V ), each one representing a variable

Xv among those under study, and a set of edges (E) (oriented or not) through which

conditional independences can be derived. Directed acyclic graphs (DAGs) are graphs

whose nodes are connected by oriented edges and which have no cycles, i.e. it doesn’t

exist an oriented path that, beginning from any node, returns to the original node.

In graphical models based on DAGs, the joint distribution of random variables X =

= {Xv}v∈V is given by the factorization

∏
v∈V

π(Xv|Xpa(v)),

where π denotes a probability mass or density function and pa(v) indicates the set of

nodes having incident edges in v, the so called parents set. This is one of the most

important features of a directed acyclic graph.

In a DAG three properties can be read, the Markov properties, which are the

following:

• Pairwise

Non adjacent variables in the graph are independent conditional on all the

others.
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• Local

Each variable is independent from all the others conditional on the nodes be-

longing to the so called Markov Blanket, a set made of parents, children (nodes

towards which other nodes move) and the other children’s parents.

• Global

Two sets of nodes are independent conditional on a third set if the last one

separates them in the graph skeleton (graph where the edges direction has been

removed).

In case the models structures can be expressed through DAGs, the local property

allows to construct the probability of each variable, conditional on all the nodes which

make its distribution independent from the other random variables under considera-

tion:

π(Xv|X−v) ∝ π(Xv|Xpa(v))
∏

w:v∈pa(w)

π(Xw|Xpa(w)).

In the Gibbs sampler, this helps in defining the distribution of a variable given

the rest because what is relevant in the conditioning can be found more easily.
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C. Sampling

Table 20: Sampling scheme for T2DM and CFA 2.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 424 1.25 250 12.51
False negative 2428 7.15 1433 71.66
False positive 28 0.08 16 0.83
True negative 31069 91.52 300 15.00

Total 33949 100.00 2000 100.00

Table 21: Sampling scheme for T2DM and CFA 3.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 467 1.38 274 13.73
False negative 2385 7.03 2402 70.10
False positive 40 0.12 23 1.18
True negative 31057 91.48 300 15.00

Total 33949 100.00 2000 100.00

Table 22: Sampling scheme for T2DM and CFA 4.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 434 1.28 257 12.84
False negative 2418 7.12 1430 71.51
False positive 22 0.06 13 0.65
True negative 31075 91.53 300 15.00

Total 33949 100.00 2000 100.00

Table 23: Sampling scheme for T2DM and CFA 5.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 1688 4.97 982 49.09
False negative 1164 3.43 677 33.85
False positive 71 0.21 41 2.06
True negative 31026 91.39 300 15.00

Total 33949 100.00 2000 100.00
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Table 24: Sampling scheme for T2DM and CFA 6.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 1204 3.55 680 34.00
False negative 1648 4.85 931 46.54
False positive 158 0.47 89 4.46
True negative 30939 91.13 300 15.00

Total 33949 100.00 2000 100.00

Table 25: Sampling scheme for hypertension and CFA 1.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 126 0.37 19 0.94
False negative 11194 32.97 1678 83.91
False positive 20 0.06 3 0.15
True negative 22609 66.60 300 15.00

Total 33949 100.00 2000 100.00

Table 26: Sampling scheme for hypertension and CFA 2.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 1184 3.49 175 8.76
False negative 10136 29.86 1499 74.96
False positive 173 0.51 26 1.28
True negative 22456 66.15 300 15.00

Total 33949 100.00 2000 100.00

Table 27: Sampling scheme for hypertension and CFA 3.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 1016 2.99 150 7.49
False negative 10304 30.35 1519 75.96
False positive 210 0.62 31 1.55
True negative 22419 66.04 300 15.00

Total 33949 100.00 2000 100.00
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Table 28: Sampling scheme for hypertension and CFA 4.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 588 1.73 88 4.40
False negative 10732 31.61 1606 80.31
False positive 39 0.11 6 0.29
True negative 22590 66.54 300 15.00

Total 33949 100.00 2000 100.00

Table 29: Sampling scheme for hypertension and CFA 5.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 6285 18.51 896 44.81
False negative 5035 14.83 718 35.90
False positive 601 1.77 86 4.29
True negative 22028 64.89 300 15.00

Total 33949 100.00 2000 100.00

Table 30: Sampling scheme for hypertension and CFA 6.

Overall Sample
Response cathegory Frequency % Frequency %

True positive 3151 9.28 451 22.53
False negative 8169 24.06 1168 58.40
False positive 570 1.68 81 4.07
True negative 22059 64.98 300 15.00

Total 33949 100.00 2000 100.00

Table 31: Sampling scheme for IHD and CFA 1

Overall Sample
Response cathegory Frequency % Frequency %

True positive 287 0.85 333 16.64
False negative 1127 3.32 1307 65.34
False positive 52 0.15 60 3.02
True negative 32483 95.68 300 15.00

Total 33949 100.00 2000 100.00
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Table 32: Sampling scheme for IHD and CFA 2

Overall Sample
Response cathegory Frequency % Frequency %

True positive 65 0.19 77 3.87
False negative 1349 3.97 1606 8.30
False positive 14 0.04 17 0.83
True negative 32521 95.79 300 15.00

Total 33949 100.00 2000 100.00

Table 33: Sampling scheme for IHD and CFA 3

Overall Sample
Response cathegory Frequency % Frequency %

True positive 193 0.57 228 11.38
False negative 1221 3.60 1440 72.02
False positive 27 0.08 32 1.59
True negative 32508 95.76 300 15.00

Total 33949 100.00 2000 100.00

Table 34: Sampling scheme for IHD and CFA 4

Overall Sample
Response cathegory Frequency % Frequency %

True positive 329 0.97 371 18.53
False negative 1085 3.20 1222 61.12
False positive 95 0.28 107 5.35
True negative 32440 95.56 300 15.00

Total 33949 100.00 2000 100.00

Table 35: Sampling scheme for IHD and CFA 5

Overall Sample
Response cathegory Frequency % Frequency %

True positive 888 2.62 355 17.77
False negative 526 1.55 210 10.53
False positive 2833 8.34 1134 56.70
True negative 29702 87.49 300 15.00

Total 33949 100.00 2000 100.00
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Table 36: Sampling scheme for IHD and CFA 6

Overall Sample
Response cathegory Frequency % Frequency %

True positive 1086 3.20 446 22.28
False negative 328 0.97 135 6.73
False positive 2729 8.04 1120 55.99
True negative 29806 87.80 300 15.00

Total 33949 100.00 2000 100.00

Table 37: Sample frequency distributions by LHU (percentage values).

Area

D
is
ea
se

C
FA

1 2 3 4 5 Total

T
2D

M

1
410 412 412 331 435 2000

(20.50) (20.60) (20.60) (16.55) (21.75) (100.00)

2
398 383 428 349 442 2000

(19.90) (19.15) (21.40) (17.45) (22.10) (100.00)

3
395 404 446 339 416 2000

(19.75) (20.20) (22.30) (16.95) (20.80) (100.00)

4
407 400 425 341 427 2000

(20.35) (20.00) (21.25) (17.05) (21.35) (100.00)

5
397 392 426 350 435 2000

(19.85) (19.60) (21.30) (17.50) (21.75) (100.00)

6
389 406 440 363 402 2000

(19.45) (20.30) (22.00) (18.15) (20.10) (100.00)

H
yp

er
te
ns
io
n

1
433 405 481 288 393 2000

(21.65) (20.25) (24.05) (14.40) (19.65) (100.00)

2
420 423 451 322 384 2000

(21.00) (21.15) (22.55) (16.10) (19.20) (100.00)

3
381 407 449 357 406 2000

(19.05) (20.35) (22.45) (17.85) (20.30) (100.00)

4
442 411 475 314 358 2000

(22.10) (20.55) (23.75) (15.70) (17.90) (100.00)

5
432 399 474 336 359 2000

(21.60) (19.95) (23.70) (16.80) (17.95) (100.00)

6
397 386 502 372 343 2000

(19.85) (19.30) (25.10) (18.60) (17.15) (100.00)

IH
D

1
386 378 576 334 326 2000

(19.30) (18.90) (28.80) (16.70) (16.30) (100.00)

2
382 395 565 333 325 2001

(19.10) (19.75) (28.25) (16.65) (16.25) (100.00)

3
397 376 573 331 323 2000

(19.85) (18.80) (28.65) (16.55) (16.15) (100.00)

4
384 385 559 339 333 2000

(19.20) (19.25) (27.95) (16.95) (16.65) (100.00)

5
391 407 557 360 285 2000

(19.55) (20.35) (27.85) (18.00) (14.25) (100.00)

6
407 398 506 416 273 2000

(20.35) (19.90) (25.30) (20.80) (13.65) (100.00)

Overall
6949 6803 8040 5756 6401 33949

(20.47) (20.04) (23.68) (16.95) (18.85) (100.00)
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7 APPENDICES D.

D. Convergence checking

Table 38: Convergence checking: acceptance rates for the Metropolis step. Tuning

parameter δ = 0.05

CFA
Disease 1 2 3 4 5 6
T2DM 0.65 0.65 0.62 0.56 0.56 0.59

hypertension 0.63 0.56 0.62 0.64 0.58 0.52
IHD 0.62 0.65 0.61 0.61 0.34 0.66
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Figure 7: T2DM and CFA 1. Regression coefficients traceplot.
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Figure 8: T2DM and CFA 1. Regression coefficients autocorrelation plot.
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Figure 9: T2DM and CFA 2. Regression coefficients traceplot.
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Figure 10: T2DM and CFA 2. Regression coefficients autocorrelation plot.
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Figure 11: T2DM and CFA 3. Regression coefficients traceplot.
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Figure 12: T2DM and CFA 3. Regression coefficients autocorrelation plot.
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Figure 13: T2DM and CFA 4. Regression coefficients traceplot.
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Figure 14: T2DM and CFA 4. Regression coefficients autocorrelation plot.
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Figure 15: T2DM and CFA 5. Regression coefficients traceplot.
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Figure 16: T2DM and CFA 5. Regression coefficients autocorrelation plot.
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Figure 17: T2DM and CFA 6. Regression coefficients traceplot.
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Figure 18: T2DM and CFA 6. Regression coefficients autocorrelation plot.
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Figure 19: Hypertension and CFA 1. Regression coefficients traceplot.
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Figure 20: Hypertension and CFA 1. Regression coefficients autocorrelation plot.
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Figure 21: Hypertension and CFA 2. Regression coefficients traceplot.
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Figure 22: Hypertension and CFA 2. Regression coefficients autocorrelation plot.
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Figure 23: Hypertension and CFA 3. Regression coefficients traceplot.
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Figure 24: Hypertension and CFA 3. Regression coefficients autocorrelation plot.
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Figure 25: Hypertension and CFA 4. Regression coefficients traceplot.
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Figure 26: Hypertension and CFA 4. Regression coefficients autocorrelation plot.
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Figure 27: Hypertension and CFA 5. Regression coefficients traceplot.
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Figure 28: Hypertension and CFA 5. Regression coefficients autocorrelation plot.
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Figure 29: Hypertension and CFA 6. Regression coefficients traceplot.
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Figure 30: Hypertension and CFA 6. Regression coefficients autocorrelation plot.
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Figure 31: IHD and CFA 1. Regression coefficients traceplot.
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Figure 32: IHD and CFA 1. Regression coefficients autocorrelation plot.
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Figure 33: IHD and CFA 2. Regression coefficients traceplot.
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Figure 34: IHD and CFA 2. Regression coefficients autocorrelation plot.
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Figure 35: IHD and CFA 3. Regression coefficients traceplot.
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Figure 36: IHD and CFA 3. Regression coefficients autocorrelation plot.
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Figure 37: IHD and CFA 4. Regression coefficients traceplot.
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Figure 38: IHD and CFA 4. Regression coefficients autocorrelation plot.
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Figure 39: IHD and CFA 5. Regression coefficients traceplot.
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Figure 40: IHD and CFA 5. Regression coefficients autocorrelation plot.
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Figure 41: IHD and CFA 6. Regression coefficients traceplot.
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Figure 42: IHD and CFA 6. Regression coefficients autocorrelation plot.
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