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ABSTRACT 

During the development of a bioassay, the variance decomposition is a common used 

statistical methodology; the single variance components estimates are used to select the 

best format for the assay and the total variance is used to estimate the variability between 

measurements. United States Pharmacopeia also requires the construction of a confidence 

interval for the bioassay validation parameters. This dissertation evaluates the 

performance of different variance components estimators and compares the coverage 

probabilities of Wald and Bootstrap 95% confidence intervals on variance components for 

a four-level mixed model under conditions comparable to those of a realistic bioassay 

(small sample size, small variances and possible deviations from the normal distribution).  

Through Monte Carlo simulations, the performance of the REML estimator has been 

evaluated considering the bounded and the unbounded approach. Particular focus lays on 

the case of negative variance components estimates, which is relevant in applications to 

bioassay experiments. The confidence intervals have been obtained with two different 

methods, namely the Wald method with the quantiles of the normal distribution and the 

Bootstrap percentile method based on non-parametric cases resampling. 

Regarding the performance of the single variance component estimators, the study 

confirms that, especially when a factor of the assay has very few levels and a small 

variance, an increase in its number of levels is valuable. Moreover, in this particular case 

study, the investigation indicates that the unbounded procedure performs well for the 

estimation of the total variance of a bioassay experiment, which is particular relevant for 

the computation of the IP %CV in validation process. Finally, on average, the coverage 

probability obtained for the variance components with the Bootstrap approach on 

unbounded estimates is more satisfying than the coverage probability obtained with the 

Wald method; the performance of the Bootstrap is satisfactory for the total variance, too. 

The suggestion is to use the Bootstrap approach for constructing confidence intervals 

during the evaluation of bioassay variabilities. 
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  Chapter 1

INTRODUCTION 

1.1 Corporate Context 

The project of this thesis was developed during one year long internship in the 

Statistical and Mathematical Modeling team of Novartis Vaccines – Siena, Unit of 

AnalyticalMethodDevelopment&InsilicoSimulation (Siena). The focus of the Unit 

is to give support to the project under the Technical Development (TD) department 

ownership. 

Novartis is a multinational pharmaceutical company based in Basel, Switzerland. 

It was created in 1996 by the merger of the companies Ciba-Geigy and Sandoz and 

is a world leader in the research and development of products that protect and 

improve health and well-being. The businesses of Novartis are divided into several 

operating divisions: pharmaceuticals, vaccines, consumer health, generics, eye 

care, and animal health. The division Novartis Vaccines is the world’s fifth largest 

manufacturer of vaccines and has a strong global presence; in Europe, its centers 

of excellence are in Germany, UK and Italy [http://www.novartisvaccines.com/]. 

The offices of Siena-Rosia consist of both research and development centers and 

productive establishments. The Technical Development (TD) department builds on 

the discoveries of Research by designing, developing, and optimizing vaccine 

products. This work occurs over a number of years, during which TD delivers the 

technical information for the product registrations and the clinical trials 

investigational products required by the clinical development department to 

demonstrate safety and efficacy of vaccines in humans. The work of TD is to 

understand and document the connection between the molecular attributes of the 

antigens, their combinations, and the vaccine formulations on the safety and 
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efficacy of vaccines in development. As importantly, TD is responsible for the 

design and development of the manufacturing processes and analytical methods to 

enable the controlled manufacture of these vaccines in a reliable and reproducible 

manner. These methods and processes are then transferred to the manufacturing 

organization for commercial production. 

The Unit of AnalyticalMethodDevelopment&InsilicoSimulation supports all the 

phase of the non-clinical vaccine development. The non-clinical statistics supports 

area such as high-throughput screening, chemical development, formulation 

development, drug delivery, and assay development. 

1.2 Summary of Chapters 

Chapter 2 provides an overview of the project context. The chapter begins with the 

introduction to the bioassay as a branch of application for statistics and details the 

procedure of Monocyte Activation Test assay, which has been considered as 

bioassay example for the achievement of the purpose of this thesis.  

Chapter 3 provides a review of the appropriate literature. The random effects 

model and the four-level variance components model with its assumptions are 

formally introduced, then the chapter is divided into two parts. The first part 

details the estimation procedures used for the study of performance of the variance 

components estimators: the FML and REML methods are described and compared, 

then a consideration about negative variance components estimates is provided. 

The second part of the chapter proposes the Wald and Satterthwaite methods for 

constructing confidence intervals for the between cluster variance in the two-level 

nested design; an arrangement for bounded estimates has been also evaluated in 

the study. Finally, the Bootstrap method for hierarchical models is presented.  The 

chapter ends with a summary of the accuracy indices involved in the study. 

In Chapter 4, the design of the simulation study is explained. The chapter begins 

with a description of the variance components, the experimental design and the 

four-level variance components model of the “Baseline Experiment”, an 
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experiment whose design is realistic for the Monocyte Activation Test assay. Then, 

in order to evaluate the estimators’ performance and the coverage of intervals on 

variance components, the features of three different simulation studies are detailed: 

the first study focuses on varying the relative importance of the four variance 

components, the second study the distribution of the random effects, the third 

study the number of levels of each factor. Final considerations about computing 

and cost are reported. 

Results of the Monte Carlo simulations described in Chapter 4 are presented in 

Chapter 5 and Appendix A. The analysis to establish the sufficient number of 

simulations is reported in Appendix B.  

The thesis concludes with a discussion of the obtained results and possible future 

works.  



 

4 

 

  Chapter 2

PROJECT FRAMEWORK 

2.1 Principle of Biological Assay 

The biological assay (or commonly bioassay) is an important branch of application 

for non-clinical statistics. In general terms, a biological assay is any testing 

procedure measuring the biological activity of a substance. In particular, the 

analysis involves administration of the drug substance to living matter, in-vivo or 

in-vitro, and observation and assessment of the manifested biological activity 

magnitude [United States Pharmacopeia, Glossary]. More precisely, in-vivo 

potency assays are bioassays in which a set of dilutions is administrated to animals 

in order to use its physiological responses to predict patients’ responses; on the 

other hand in-vitro assays involve the use of cells (cell-based bioassay) [United 

States Pharmacopeia <1032>]. To summarize, the main components of a bioassay 

are the stimulation and the dose, the living matter which receives the substance 

and the response to the stimulus. The magnitude of the response of biological 

system strictly depends on the concentration, or dilution, of the drug substance. 

Suppose to have an undiluted solution (1:1) of the drug substance and a selected 

step of dilution, e.g. 2; the several subsequent dilutions will be 1:2, 1:4, 1:8 and so 

on. Analogous situation when a diluted starting solution (e.g. 1:2 or 1:5) is chosen. 

The so called 'Dilution Assays' are classified into two categories: direct and 

indirect assays. The aim of direct bioassays is to measure the exact amount of dose 

of a substance that is required to produce a specific response in the biological 

system. This kind of bioassay has a limited applicability for quantitative
1
 

responses. On the other hand, in an indirect bioassays the dose is prefixed at some 

                                                           
1
 The bioassay data types are fundamentally two: quantitative and quantal. Quantitative 

data can be either continuous, counts or discrete. Quantal (or categorical) data are 

typically dichotomous[United States Pharmacopeia <1032>]. 
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levels, and at each level the magnitude of responses for equal concentration of two 

preparations, the Test and the Standard, is compared. The Test preparation (often 

called Sample) is the drug substance of interest. The Standard preparation (often 

called Reference) is a reliable material to which the Test preparation can be 

quantitatively compared. The Standard must be qualified with rigorous test and 

stored under conditions that preserve its full potency during the course of its use. 

The relation between the dose of drug substance and the response of the subject is 

simply called dose-response function [United States Pharmacopeia <1034>, 

European Pharmacopoeia 5th edition Section 5.3]. A usual graphical 

representation of dose-response curve presents the logarithms of the doses on the 

horizontal axis and the responses on the vertical axis. When the range of 

concentrations is wide enough so that the responses are constrained by upper and 

lower asymptotes, the non-linear dose-response models are typically S-shaped; the 

most common dose-response curve for both Test and Standard preparations is a 

logistic function. Each curve can be generally characterized by four parameters: 

upper asymptote (α), lower asymptote (δ), slope (β) and horizontal location (γ).  

A mathematical representation of this four-parameter logistic (4PL) model is 

𝑦 = 𝛿 +
𝛼−𝛿

1+𝑒−𝛽(𝑥−𝛾)
, 

where 𝑥 represents the logarithm of the dose and 𝑦 the observed response.  

If the rates of approach to the upper and lower asymptotes are the same, the 4PL 

curve is symmetric around the horizontal location when plotted against the 

logarithm of the doses. For a valid assay, the horizontal location may be different 

between Standard and Test preparation curve, but it is necessary that they have the 

same slope, and the same maximum and minimum response level at the extreme 

parts. If the Standard and Test curves are reported in the same graph, as in Figure 1, 

the horizontal distance between their linear parts indicates a difference in the level 

of biological activity being assayed. Specifically, this shift is related to the potency 

of Test preparation compared to the Standard one.  



 

6 

 

Figure 1  4PL model for dose-response curve. 

 

To present an example of statistics application in bioassay, the Monocyte 

Activation Test assay has been considered. A detailed introduction of this specific 

assay is reported in the following section. 

2.2 Monocyte Activation Test Assay 

Pharmaceutical industries need for assay methods which can reliably predict the 

quality and safety of their products. The measurement of pyrogens, agents which 

cause fever and adverse reactions in the recipient, is an important safety 

prerequisite for drugs batch release and is commonly performed in-vivo. 

The canonical animal-based pyrogen test, prescribed by the health authorities
2
 and 

Pharmacopoeais
3
, is the Rabbit Pyrogen Test (RPT). This form of pyrogenic 

testing consists of injecting drugs into rabbits to determine if fever develops; in 

fact, rabbits have a similar pyrogenic tolerance to humans, so by observing a 

change in rabbits’ body temperature it is possible to make a determination of the 

presence of pyrogens. A first disadvantage of RPT is the inexact reproduction of 

human immunological response to pyrogens; a second considerable disadvantage 

                                                           
2
  For example, U.S. Food and Drugs Administration (FDA) [http://www.fda.gov/], 

European Medicines Agency (EMA) [http://www.ema.europa.eu/ema/]. 

3
  United States Pharmacopeia and European Pharmacopoeia. 
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is the high number of animals which could be involved in the test. In fact, animal 

welfare has concerned the general public and the researchers for a long time and in 

1959 W.M.S. Russell and R.L. Burch proposed the concept of the “Three Rs” - 

Replacement, Reduction and Refinement -, which are guiding principles for more 

ethical use of animal in testing. According to the Replacement concept, animal-

consuming tests should be avoided. For all these reasons, in April 2010, a cell-

based alternative pyrogen test has been accepted by European Pharmacopoeia and 

also recommended by U.S. FDA.  

This alternative test is called Monocyte Activation Test (MAT). 

The MAT is an in-vitro assay used to detect exogenous substances that stimulate 

human monocytes
4
 to release endogenous mediators, such as pro-inflammatory 

cytokines
5

. There are three different methods for MAT in European 

Pharmacopoeaia, 7th edition, section 2.6.30; in the thesis case study, Method C, 

which can be particularly suitable to deal with extreme donor variability in 

responses to certain product combinations, is considered. According to Method C, 

the format for the MAT assay can be designed as a 'Reference lot comparison test'.  

The general procedure is the following: 

1. Consider some human volunteers who have met the blood donor eligibility 

criteria: following qualification criteria together with health, safety and ethical 

considerations.  

According to European Pharmacopoeia (paragraph 5-3) 'Blood donors are to 

describe themselves as being in good health, as not to be suffering from any 

bacterial or viral infections and to have been free from the symptoms of any 

such infection for a period of at least 1 week prior to the donation of blood. 

                                                           
4
 Monocytes are a type of white blood cells (leukocyte) which play a role in immune 

system function. As a general rule, a low monocyte count is a good sign, and a high count 

indicates that a problem is present. 

5
 For example tumor necrosis factor alpha (TNFα), interleukin-1 beta (IL-1β) and 

interleukin-6 (IL-6) 
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Blood donors are not to have taken non-steroidal anti-inflammatory drugs 

during the 7 days prior to donating blood. Individuals who have been 

prescribed immunosuppressant or other drugs known to influence the 

production of the chosen readout are not to serve as blood donors.' 

 

2. Collect human blood, ensuring that all components of the blood collection 

system (e.g., syringes) are sterile and pyrogen-free. Isolate human peripheral 

blood mononuclear cells (PBMC) from single donor blood and freeze them. 

 

3. According to criteria that have been justified and authorized, select a qualified 

Standard of the preparation being examined. 

 

4. Expose defrosted PBMC to stimulus of both Standard and Test preparation, 

using an in-vitro procedure. Specifically, introduce PBMC in a 96-well plate 

and add Reference and pyrogen test preparation in the appropriate wells, 

according to the selected plate layout. The cell culture is carried out at 37°C, in 

an atmosphere appropriate for the culture medium (e.g. 5 per cent CO2 in 

humidified air). Let the duration of the culture be sufficient to allow 

accumulation of the chosen read-out. For the case study, the read-out of 

interest is Interleukin-6. 

 

5. Insert the plate in the spectrophotometer which quantitates color differences in 

each well of the plate to measure the response. The obtained values are called 

Optical Densities (OD). 

Considering the OD values coming from the wells with the Reference preparation, 

a Reference dose-response curve is drawn. The same procedure is repeated with 

the OD values coming from the wells with the Test preparation. As a relative 

measure of comparison between the two preparations, the Relative Response (RR) 

as an exponential function of step dilution and horizontal distance between the 

curves is computed. In conclusion, for the Test preparation considered in the study 

there will be one RR value for each plate.  
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2.3 Intent of the Study 

During the development of a bioassay, for example the MAT assay described in 

the previous section, the variance decomposition is a common used statistical 

methodology. In the United States Pharmacopeia a variance component analysis is 

recommended to estimate the variability between measurements and to select the 

best format for the assay. In details [United States Pharmacopeia, <1033>], 

'Contributions of validation study factors to the overall IP
6
 of the bioassay can be 

determined by performing a variance component analysis on the validation results. 

Variance component analysis is best carried out using a statistical software 

package that is capable of performing a mixed-model analysis with restricted 

maximum likelihood estimation (REML)’. Moreover [United States Pharmacopeia, 

<1033>], ‘Estimates of bioassay validation parameters should be presented as a 

point estimate together with a confidence interval’.  

The development of this thesis has the intent to evaluate, by Monte Carlo 

simulations, the performance of different variance components estimators under 

conditions comparable to those which can be observed in a real case. Particular 

focus lays on variance decomposition when a random effects model is considered 

assuming small sample size, small variances and possible deviations from the 

normal distribution. Under these conditions, the interest of the study is also to 

investigate the actual probability of coverage for several methods in use for 

constructing confidence intervals on variance components. 

  

                                                           
6
 IP (Intermediate Precision) is the USP term for what is commonly referred to as inter-run 

variability. It is defined as ‘the overall variability from measurements taken under a 

variety of normal test conditions within one laboratory’. 
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  Chapter 3

REVIEW OF MIXED MODELS 

This chapter begins with the definition of fixed, random and mixed effects models 

and continues with the description of models for hierarchical data structures, in 

particular the four-level variance components model. The chapter is then divided 

into two parts. The first part illustrates the full maximum likelihood and the 

restricted maximum likelihood estimation procedures for variance components, 

with particular focus on bounded and unbounded estimates. In the second part, 

several methods for the determination of confidence intervals on variance 

components are described.  

3.1 Fixed, Random and Mixed Effects Models 

In experimental design, all elements which may vary during the experiment and 

may affect the response are called factors. The categories of each factor are called 

levels of the factor; for example “male” and “female” are two levels of the factor 

“sex”. In classifying data in terms of factors and their levels, the interest is in the 

effect of a level of a factor on the response variable of the experiment, that is how 

much the level affects the response (Searle et al. 2006). 

When a factor is set at specific levels and treated as known constant, the effect on 

the response variable attributable to the finite set of levels is called fixed. It means 

that levels in study represents all possible levels of that factor, inference is made 

only on them and experiment conclusions cannot be extended to other levels. On 

the contrary, if levels of factor in study are used to represent only a sample of a 

larger set of levels, the effect is called random (Littell et al. 2006). In such cases, 

the inference will apply to the population from which the levels in study are 

sampled. 
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Deciding whether a factor of the model has fixed or random effect is not always 

easy and depends on the experiment of interest.  

If every factor of the model has a fixed effect on the response variable, the model 

is called fixed effects model. If every factor of the model has random effect on the 

response variable, the model is called random effects model. Finally, if the factors 

of the model have both fixed and random effect on the response variable, the 

model is called mixed effects model. 

3.2 Hierarchical data structure 

Data collected in the human and biological sciences frequently occur in natural 

hierarchies (Goldstein 2011). For example, a researcher may be interested in 

students who are nested within classroom, or in blood cells nested within a 

particular organ. Hierarchical data structure consists of units grouped at several 

ordered levels: each unit on a lower level can unambiguously be assigned to one 

and only one unit on the higher level. When every unit of a level contains the same 

number of units of the underlying level, the data structure is described as balanced, 

otherwise as unbalanced. Hierarchical models, also known as variance 

components models or random effects models, are regression models accounting 

for hierarchical data structures. The simplest hierarchical model is obtained when 

no explanatory variables are present: in this case, the full hierarchical model 

reduces to the analysis of variance (ANOVA) model.  

Although any number of levels may be modeled, in the following theoretical 

explanation the four-level variance components model is presented. 

3.3 Four-level variance components model 

Let 𝑦𝑖𝑗𝑘𝑙  indicates the response variable for the 𝑙-th Level 1 unit from the 𝑘-th 

Level 2 group. The 𝑘-th unit is in turn nested within 𝑗-th Level 3 group. Finally, 

the 𝑗-th unit is nested within 𝑖-th Level 4 group. The notation adopted here adheres 

to the convention in the literature on mixed models, where the ordering of the 
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indexes follows the hierarchy from top to bottom. The described hierarchical data 

structure is illustrated in Figure 2. 

Figure 2 Four-level hierarchical data structure.  

 

The four-level variance components model is 

𝑦𝑖𝑗𝑘𝑙 = µ + 휀𝑖
(4)
+ 휀𝑖𝑗

(3)
+ 휀𝑖𝑗𝑘

(2)
+ 휀𝑖𝑗𝑘𝑙

(1)
. 

µ represents the overall mean, the other addends of the equation make up the 

stochastic component of the model. More precisely, 

 휀𝑖
(4)

 is a random effect of the model and corresponds to the Level 4 unit that 

has been assigned label 𝑖. It represents the error associated with the 𝑖-th unit; 

this error is the same for each response value within the 𝑖 -th unit, where 

𝑖 =  1, … , 𝐼. 

 휀𝑖𝑗
(3)

 is a random effect of the model and corresponds to Level 3 unit that has 

been assigned label 𝑗. It represents the error associated with the 𝑗-th unit of the 

𝑖-th group. This error is the same for each response value within the 𝑗-th unit of 

𝑖-th group, where 𝑖 =  1, … , 𝐼 and 𝑗 =  1, … , 𝐽. 

 휀𝑖𝑗𝑘
(2)

 is a random effect of the model and corresponds to Level 2 unit that has 

been assigned label 𝑘. It represents the error associated with the 𝑘-th unit of 

the j-th group. This error is the same for each response value within 𝑘-th unit 

of 𝑗 -th unit within 𝑖 -th group, where  𝑖 =  1, … , 𝐼 , 𝑗 =  1, … , 𝐽  and 𝑘 =

 1, … , 𝐾. 

 휀𝑖𝑗𝑘𝑙
(1)

 is a random effect of the model and corresponds to Level 1 unit that has 

been assigned label 𝑙. It represents the error associated with the 𝑙-th unit of the 

Level 1

Level 2

Level 3

Level 4 i

j

k

l l

k

l l

j

k

l l

k

l l
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𝑘-th group. This error is different for each response value, where  𝑖 =  1, … , 𝐼, 

𝑗 =  1, … , 𝐽, 𝑘 =  1, … , 𝐾 and 𝑙 =  1, … , 𝐿. 

 

The random effects are considered to be mutually independent and normally 

distributed. More precisely, 

휀𝑖
(4)
~ 𝑁(0, 𝜎 (4)

2 ) 

휀𝑖𝑗
(3)
~ 𝑁(0, 𝜎 (3)

2 ) 

휀𝑖𝑗𝑘
(2)
~ 𝑁(0, 𝜎 (2)

2 ) 

휀𝑖𝑗𝑘𝑙
(1)
~ 𝑁(0, 𝜎 (1)

2 ) 

and 

𝐶𝑜𝑣(𝑦𝑖𝑗𝑘𝑙 , 𝑦𝑖′𝑗′𝑘′𝑙′) =

{
 
 
 

 
 
 𝜎휀(4)

2 + 𝜎
휀(3)
2 + 𝜎

휀(2)
2 + 𝜎

휀(1)
2  𝑖𝑓  𝑖 = 𝑖′, 𝑗 = 𝑗′, 𝑘 = 𝑘′, 𝑙 = 𝑙′

𝜎
휀(4)
2 + 𝜎

휀(3)
2 + 𝜎

휀(2)
2  𝑖𝑓  𝑖 = 𝑖′, 𝑗 = 𝑗′, 𝑘 = 𝑘′, 𝑙 ≠ 𝑙′

𝜎
휀(4)
2 + 𝜎

휀(3)
2  𝑖𝑓𝑖 = 𝑖′, 𝑗 = 𝑗′, 𝑘 ≠ 𝑘′

𝜎
휀(4)
2  𝑖𝑓  𝑖 = 𝑖′, 𝑗 ≠ 𝑗′

0 𝑖𝑓  𝑖 ≠ 𝑖′
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PART I 

3.4 VARIANCE COMPONENTS ESTIMATION 

There are several estimation procedures available for estimating both the fixed and 

random components of statistical models. The most commonly used procedures 

for estimation are the full maximum likelihood (FML) and the restricted maximum 

likelihood (REML). This section outlines FML and REML estimation methods, 

concluding with a discussion of the case of negative estimates of the variance 

components, which is relevant in applications to bioassay experiments. 

3.4.1 FML Estimation Procedure 

Consider the two-level variance components model for balanced data (McCulloch 

and Searle 2001, Searle et al. 2006); the results for models with a higher number 

of levels are similar. 

Let 𝑦𝑖𝑗 indicates the response variable for the 𝑗-th unit from the 𝑖-th group and 휀𝑖
(2)

 

the random effect such that 휀𝑖
(2)
~𝑖. 𝑖. 𝑑. (0, 𝜎𝛼

2). If µ indicates the general mean and 

휀𝑖𝑗
(1)

 the residual error such that 휀𝑖𝑗
(1)
~𝑖. 𝑖. 𝑑. (0, 𝜎2), the model equation for 𝑦𝑖𝑗 

could be 

𝑦𝑖𝑗 = µ + 휀𝑖
(2)
+ 휀𝑖𝑗

(1)
.  1) 

Let 𝑎 be the number of levels of the random factor, 𝑛 = 𝑛𝑖 the number of units 

inside each level and 𝑁 = ∑ 𝑛𝑖
𝑎
𝑖=1 = 𝑎𝑛  the total number of units. Since 

observations within the same level of random effect are correlated, the likelihood 

for the random effects model is more complicated than for the fixed effects model. 

For balanced data, the log-likelihood is 

log 𝐿 = −
1

2
𝑁 log 2𝜋 − 

1

2
𝑎(𝑛 − 1) log 𝜎2 − 

1

2
𝑎[log(𝜎2 + 𝑛𝜎𝛼

2)] + 

− 
∑ ∑ (𝑦𝑖𝑗 − 𝜇)

2
𝑗𝑖

2𝜎2
+
𝑛2𝜎𝛼

2∑ (𝑦𝑖.̅ − 𝜇)
2

𝑖

2𝜎2(𝜎2 + 𝑛𝜎𝛼2)
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where 

−
∑ ∑ (𝑦𝑖𝑗 − 𝜇)

2
𝑗𝑖

2𝜎2
+
𝑛2𝜎𝛼

2∑ (𝑦𝑖.̅ − 𝜇)
2

𝑖

2𝜎2(𝜎2 + 𝑛𝜎𝛼2)
= 

= −
1

2𝜎2
[∑∑(𝑦𝑖𝑗 − 𝑦𝑖.̅ + 𝑦𝑖.̅ − µ)

2

𝑗𝑖

−
𝑛𝜎𝛼

2

𝜎2 + 𝑛𝜎𝛼2
∑𝑛(𝑦𝑖.̅ − µ)

2

𝑖

] =

= −
1

2𝜎2
[𝑆𝑆𝐸 + (1 −

𝑛𝜎𝛼
2

𝜎2 + 𝑛𝜎𝛼2
)∑𝑛(𝑦𝑖.̅ − 𝑦..̅ + 𝑦..̅ − µ)

2

𝑖

] =

= −
1

2𝜎2
{𝑆𝑆𝐸 +

𝜎𝛼
2

𝜎2 + 𝑛𝜎𝛼2
[𝑆𝑆𝐴 + 𝑎𝑛(𝑦..̅ − µ)

2]} 

with  𝑆𝑆𝐴 = ∑ 𝑛(𝑦𝑖.̅ − 𝑦..̅)
2

𝑖  and  𝑆𝑆𝐸 = ∑ ∑ (𝑦𝑖𝑗 − 𝑦𝑖.̅ )
2

𝑗𝑖 . 

Defining λ = 𝜎2 + 𝑛𝜎𝛼
2, the log-likelihood can be rewritten as  

𝑙𝑜𝑔 𝐿 =  −
1

2
𝑁 𝑙𝑜𝑔 2𝜋 − 

1

2
𝑎(𝑛 − 1) 𝑙𝑜𝑔 𝜎2 − 

1

2
𝑎 𝑙𝑜𝑔 𝜆 +  

− 
𝑆𝑆𝐸

2𝜎2
−
𝑆𝑆𝐴

2𝜆
−
𝑎𝑛(𝑦..̅̅ ̅−𝜇)

2

2𝜆
 2) 

The full maximum likelihood (FML) equations are those equations obtained by 

equating to zero the partial derivatives of log 𝐿 with respect to µ, 𝜎2 and λ. 

𝑑 log 𝐿

𝑑𝜇
=  
𝑎𝑛(𝑦..̅ − 𝜇)

𝜆
 

𝑑 log 𝐿

𝑑𝜎2
= 
−𝑎(𝑛 − 1)

2𝜎2
+
𝑆𝑆𝐸

2𝜎4
=
−𝑎(𝑛 − 1)

2𝜎4
[𝜎2 −

𝑆𝑆𝐸

𝑎(𝑛 − 1)
]  

𝑑 log 𝐿

𝑑𝜆
=  
−𝑎

2𝜆
+
𝑆𝑆𝐴

2𝜆2
+
𝑎𝑛(𝑦..̅ − 𝜇)

2𝜆2
=
−𝑎

2𝜆2
[𝜆 −

𝑆𝑆𝐴

𝑎
] +

𝑎𝑛(𝑦..̅ − 𝜇)

2𝜆2
  

The solutions to the equations are 

µ = 𝑦..̅ 

𝜎2 = 𝑀𝑆𝐸 
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𝜆 =
𝑆𝑆𝐴

𝑎
= (1 −

1

𝑎
)𝑀𝑆𝐴 

and thus 

𝜎𝛼
2 =

𝜆 − 𝜎2

𝑛
=
(1 −

1
𝑎)𝑀𝑆𝐴 −𝑀𝑆𝐸

𝑛
 

The above solutions are the maximum likelihood estimators (�̂�2 and �̂�𝛼
2
) if they 

lie in the parameter space (0,∞). In particular, the solution 𝜎𝛼
2 can be negative thus 

log 𝐿 has to be maximized subject to the condition 𝜎𝛼
2 = 0, that is (1 −

1

𝑎
)𝑀𝑆𝐴 <

𝑀𝑆𝐸. So the FML estimators are determined according to the following definition: 

 if 𝜎𝛼,𝑅𝐸𝑀𝐿
2 ≥ 0 then  {

�̂�2 = 𝑀𝑆𝐸

�̂�𝛼
2 =

(1−
1

𝑎
)𝑀𝑆𝐴−𝑀𝑆𝐸

𝑛

 

 if 𝜎𝛼,𝑅𝐸𝑀𝐿
2 < 0 then  {

�̂�2 =
𝑆𝑆𝑇

𝑎𝑛

�̂�𝛼
2 = 0

 

 where 𝑆𝑆𝑇 = ∑ ∑ (𝑦𝑖𝑗 − 𝑦..̅)
2

𝑗𝑖 . 

3.4.2 REML Estimation Procedure 

From Equation 2), the likelihood 𝐿 could be written as follow: 

𝐿(µ, 𝜎2, 𝜎𝛼
2|𝑦) =

exp {−
1
2 [
𝑆𝑆𝐸
𝜎2

+
𝑆𝑆𝐴
𝜆
+
(𝑦..̅ − 𝜇)

2

𝜆
𝑎𝑛⁄

]}

(2𝜋)
1
2
𝑎𝑛𝜎2[

1
2
𝑎(𝑛−1)]𝜆

1
2
𝑎

=

=

exp [−
(𝑦..̅ − 𝜇)

2

2𝜆
𝑎𝑛⁄

]

(2𝜋)
1
2(𝜆 𝑎𝑛⁄ )

1
2

×
exp {−

1
2 [
𝑆𝑆𝐸
𝜎2

+
𝑆𝑆𝐴
𝜆
]}

(2𝜋)
1
2
(𝑎𝑛−1)𝜎

2[
1
2
𝑎(𝑛−1)]

𝜆
1
2
(𝑎−1)(𝑎𝑛)

1
2

=

= 𝐿(µ|𝑦..̅) × L(𝜎
2, 𝜎𝛼

2|𝑆𝑆𝐴, 𝑆𝑆𝐸) 

The second multiplicative factor 𝐿(𝜎2, 𝜎𝑎
2|𝑆𝑆𝐴, 𝑆𝑆𝐸) does not depend on µ, the 

fixed effect. For this reason, it will be transformed in logarithmic scale to obtain 

REML estimators.  
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log 𝐿(𝜎2, 𝜎𝑎
2|𝑆𝑆𝐴, 𝑆𝑆𝐸) = 

−
1

2
(𝑎𝑛 − 1) log 2𝜋 −

1

2
log 𝑎𝑛 −

1

2
𝑎(𝑛 − 1) log 𝜎2 − 

1

2
(𝑎 − 1) log 𝜆 

− 
𝑆𝑆𝐸

2𝜎2
−
𝑆𝑆𝐴

2𝜆
 

The derivatives with respect to 𝜎2 and λ are 

𝑑 log 𝐿(𝜎2, 𝜎𝑎
2|𝑆𝑆𝐴, 𝑆𝑆𝐸)

𝑑𝜎2
= 
−𝑎(𝑛 − 1)

2𝜎2
+
𝑆𝑆𝐸

2𝜎4
 

𝑑 log 𝐿(𝜎2, 𝜎𝑎
2|𝑆𝑆𝐴, 𝑆𝑆𝐸)

𝑑𝜆
=  
−(𝑎 − 1)

2𝜆
+
𝑆𝑆𝐴

2𝜆2
 

Equating them to zero, the calculation gives 

𝜎𝑅𝐸𝑀𝐿
2 =

𝑆𝑆𝐸

𝑎(𝑛 − 1)
= 𝑀𝑆𝐸 

𝜆𝑅𝐸𝑀𝐿 =
𝑆𝑆𝐴

(𝑎 − 1)
= 𝑀𝑆𝐴 

and thus 

𝜎𝛼,𝑅𝐸𝑀𝐿
2 =

𝑀𝑆𝐴 −𝑀𝑆𝐸

𝑛
 

The solutions 𝜎𝑅𝐸𝑀𝐿
2 and 𝜎𝛼,𝑅𝐸𝑀𝐿

2 are considered REML estimators ( �̂�𝑅𝐸𝑀𝐿
2  and 

�̂�𝛼,𝑅𝐸𝑀𝐿
2 ) only if both are non-negative; 𝜎𝑅𝐸𝑀𝐿

2  can never be negative, but 

𝜎𝛼,𝑅𝐸𝑀𝐿
2 can be. In this last case, log 𝐿(𝜎2, 𝜎𝑎

2|𝑆𝑆𝐴, 𝑆𝑆𝐸)  has to be maximized 

subject to the condition 𝜎𝛼,𝑅𝐸𝑀𝐿
2 = 0 , that is 𝑀𝑆𝐴 < 𝑀𝑆𝐸 . In conclusion, the 

REML estimators are determined according to the following definition: 

 if 𝜎𝛼,𝑅𝐸𝑀𝐿
2 > 0 then  {

�̂�𝑅𝐸𝑀𝐿
2 = 𝑀𝑆𝐸

�̂�𝛼,𝑅𝐸𝑀𝐿
2 =

𝑀𝑆𝐴−𝑀𝑆𝐸

𝑛

 

 if 𝜎𝛼,𝑅𝐸𝑀𝐿
2 ≤ 0 then  {

�̂�𝑅𝐸𝑀𝐿
2 =

𝑆𝑆𝑇

𝑎𝑛−1

�̂�𝛼,𝑅𝐸𝑀𝐿
2 = 0

. 
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3.4.3 Comparison of FML and REML estimators 

For unbalanced data (more details in Searle et al. 2006), the restricted maximum 

likelihood (REML) estimator is not unbiased for 𝜎𝛼
2, but it is less biased than the 

full maximum likelihood (FML) estimator. However, REML has a sampling 

variance higher than FML, thus it is not clear which method has the smallest mean 

squared error (MSE). 

For balanced data, the REML estimators for 𝜎2  and 𝜎𝛼
2  are also the ANOVA 

estimators (McCulloch and Searle 2001, Searle et al. 2006), while the FML 

estimators are different as shown in the previous sections. The difference between 

FML and REML estimation procedures lies in the treatment of the likelihood; in 

the FML the variance components are estimated by the values that maximize the 

likelihood function over the parameter space, while in REML the likelihood is 

partitioned into pieces and the portion free of fixed effects is maximized. In details, 

comparing the REML estimator with the FML estimator, we see that both the 

condition for a negative solution for 𝜎𝛼
2 and the positive estimator are not the same 

in the two cases. Also, when there is a negative solution for 𝜎𝛼
2 , the resulting 

estimator for 𝜎2 is not the same in FML and REML procedure. These differences 

have a common feature: the REML divisor is one less than the FML divisor. The 

reason is that the REML estimation of variance components from balanced data 

takes into account the loss of degrees of freedom due to estimating fixed effects (in 

Equation 1), one degree of freedom for the overall mean µ), even though it does 

not involve their estimation. In models that include explanatory variables, further 

degrees of freedom are lost in REML procedure due to estimation of additional 

regression coefficients, so the use of FML is preferable. However, in variance 

components estimation, the FML procedure is usually discouraged because the 

estimates and the standard errors are biased downward.  

Since in this work the main aim is to obtain unbiased estimation of the variance 

components, according to United States Pharmacopeia <1033> suggestion, the 

REML procedure has been selected as estimation method. 
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3.4.4 Considerations about negative variance components  

In this section we concentrate on a particular point relating to the practical use of 

mixed models in bioassay experiments, namely negative variance components 

estimates. 

By definition, a variance component cannot be negative; nevertheless, the methods 

for estimating variance components sometimes produce negative values, which 

usually can be regarded as underestimates of variance components whose true 

value is very small or zero (Brown and Prescott 2006). In a two-level setting, the 

chances of obtaining a negative variance component estimate when the true 

variance component is positive are increased in the following situations: 

 the ratio of the true variance component to the residual variance  

𝜎𝛼
2/𝜎2 is small; 

 the number of random effects levels (number of clusters) is small; 

 the number of observations for each random effects level (cluster size) is 

small. 

When a balanced structure exists across the random effects and the number of 

observations is equal per random effects level, it is possible to calculate the 

probability with which a negative variance component will occur (Brown and 

Prescott 2006, Rasch and Masata 2006): 

𝑃𝑟(negative variance component)  =  𝑃𝑟(𝐹𝐷𝐹1,𝐷𝐹2 >  1 +  𝑛𝛾 ), 

where n is the number of observations per category, γ the true variance 

component/residual variance, and 𝐹𝐷𝐹1,𝐷𝐹2  is an F-distributed random variable 

with DF1 and DF2 degrees of freedom (the degrees of freedom of residual and 

random effect, respectively). For the model in Equation 1), in the balanced case, 

𝐷𝐹1 = 𝑎(𝑛 − 1) and 𝐷𝐹2 = 𝑎 − 1. More details and probabilities tables could be 

found in Verdooren (1982). 

The graphs in Figure 3 show how the probability of obtaining a negative variance 

component is affected by the true variance component (0.01, 0.05, 0.10, 0.25, 0.50 
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and 1.00), the number of clusters (from 2 to 50) and the cluster size (2, 5 and 25). 

When there are only a few observations for each random effect level there is a 

reasonable chance that a negative variance component may occur as an 

underestimate of a true positive variance component.  

In SAS PROC MIXED, when REML computing algorithm obtains a negative 

solution, the solution is set to zero by default. The problem is that using zero 

instead of a negative number can affect other estimates. For this reason, the 

recommended procedure (Littell et al. 2006) is to not set the negative variance 

component estimate to zero, but allow it to remain negative. The practical way to 

do this with SAS software is to insert the NOBOUND option in PROC MIXED 

statement.  
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Figure 3 Probability of obtaining a negative variance component estimate.  
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PART II 

3.5 CONFIDENCE INTERVALS ON VARIANCE 

COMPONENTS ESTIMATES 

During the last century various procedures have been proposed for obtaining 

confidence intervals for the between cluster variance component in the two-level 

nested design. For a comparative Monte Carlo study among eleven procedures, 

proposed by several authors between 1941 and 1952, see Boardman (1974). In the 

following sections, the Wald, Satterthwaite and Bootstrap methods, jointly with an 

arrangement to deal with confidence intervals on null variance components 

estimates, are presented.  

3.5.1 Wald statistic method 

For the variance components model in Equation 1), assuming normality and 

independence of 휀𝑖
(2)

and 휀𝑖𝑗
(1)

, the classical method for computing confidence 

intervals is the Wald method. The (1-α)100% Wald confidence interval for 𝜎𝛼
2 is 

[�̂�𝛼
2 − 𝑧1−𝛼 2⁄

𝑆𝐸(�̂�𝛼
2); �̂�𝛼

2 + 𝑧1−𝛼 2⁄
𝑆𝐸(�̂�𝛼

2)] 

where  

𝑆𝐸(�̂�𝛼
2) = √2

(�̂�𝛼
2+�̂�

2
𝑛⁄ )

2

𝑎−1
+ 2

�̂�2
𝑛⁄
2

𝑎(𝑛−1)
. 

The Wald confidence interval is symmetric and assigned (α/2)100% to each tail of 

the distribution. 

3.5.2 Satterthwaite approximation 

Confidence intervals for the variance components can be computed also using the 

so called ‘Satterthwaite approximation’. In Satterthwaite (1946) the principal 

results of Crump (1946) are outlined: to approximate the exact distribution of 

variance components estimates, obtained by linear combinations of mean squares, 



 

23 

 

a chi-square distribution is proposed. The number of degrees of freedom of the 

chi-square distribution is chosen to provide good agreement between the exact 

distribution and its approximation; the accuracy of the suggested approximation 

has been checked in several cases and the results are reported in Satterthwaite 

(1946).  

A complex estimate of variance (defined as linear function of independent mean 

squares) could be expresses as follow: 

�̂� = 𝑎1𝑀𝑆1 + 𝑎2𝑀𝑆2 +⋯ 

where 𝑀𝑆𝑖 are the mean squares of the effects and 𝑎𝑖 are the coefficients of the 

function. According to Satterthwaite (1946), some care must be taken in the cases 

where one or more of the 𝑎𝑖 are negative: in fact, �̂� must be negative with a fairly 

large probability, but the approximated distribution cannot, so it will become 

rather poor. The approximated upper and lower (1-α)100% confidence limits for 

𝜎𝛼
2 are  

[
𝜈�̂�𝛼

2

𝜒𝜈,1−𝛼 2⁄
2 ;

𝜈�̂�𝛼
2

𝜒𝜈,𝛼 2⁄
2 ] 

where 𝜈 = 2𝑊2and 𝑊 is the Wald statistic computed as  
�̂�𝛼
2

𝑆𝐸(�̂�𝛼
2)

. 

3.5.3 Satterthwaite-Wald integrated method 

According to the SAS User's Guide [http://support.sas.com/docume 

ntation/cdl/en/statug/63962/HTML/default/viewer.htm], PROC MIXED uses 

Satterthwaite approximation technique for all parameters that have a lower 

boundary constraint of zero. This is the default case for variance components 

estimation performed by PROC MIXED: in fact, as explained in Section 3.4.4, 

when REML computing algorithm obtains a negative solution, the solution is set 

to zero by default.  The problem is that, when a null variance components estimate 

is present, the determination of its confidence interval is problematic because in 
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the Satterthwaite approach the upper and lower limits become null (in the SAS 

output they are set to missing). 

In case of unbounded variance components estimates (obtained with the 

NOBOUND option in PROC MIXED statement), the Wald statistic method for 

confidence interval determination is applied. In this case, no particular problem 

arises from SAS submission. 

In order to construct confidence intervals for the estimates of every model variance 

component also with the bound approach, a Satterthwaite-Wald integrated method 

has been developed during the study. Satterthwaite confidence intervals for the 

bound approach have been integrated with Wald confidence intervals for those 

estimates set to zero in the bound approach. 

3.5.4 Bootstrap method 

Another technique for constructing confidence intervals is to use the Bootstrap 

procedure, one of the most popular resampling approaches throughout the 

literature. This method was introduced by Bradley Efron’s paper (1979) in the 

Annals of Statistics. Efron constructed this new resampling procedure as a simple 

approximation to the jackknife (more details in Chernick and LaBudde 2011, van 

der Leeden et al. 2008), an earlier resampling method developed by Quenouille 

(1949) and popularized by Tukey (1958).  

Bootstrapping is a computing-intensive data resampling strategy and became an 

attractive and feasible procedure for researchers only in the recent two decades, 

with the increase of computing power. On the contrary, the etymology originates 

far. The term refers to a group of metaphors that share a common meaning, a self-

sustaining process that proceeds without external help. This meaning reflects the 

bootstrap procedure key idea: resample from the original data to create replicate 

datasets (Davison and Hinkley 1997). More specifically, the general bootstrap 

technique is a resampling procedure in which samples are randomly drawn with 

replacement from the empirical distribution in order to observe the distribution of 
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the statistic of interest. The approximated sampling distribution is then used for 

several purposes: obtain consistent estimators of bias and standard errors, generate 

bias-corrected estimators using an iterative procedure and construct confidence 

intervals. 

Suppose {𝑦1, … , 𝑦𝑛}  is a homogeneous sample of data. The sample values are 

thought of as the outcomes of independent and identically distributed random 

variables 𝑌1, … , 𝑌𝑛  whose probability density function and cumulative density 

function are 𝑓 and 𝐹, respectively. The sample is to be used to make inferences 

about a population characteristic 𝜃, using a statistic 𝜃 which estimates 𝜃. For the 

estimator 𝜃  the empirical distribution function �̂�  is defined as the sample 

proportion 

�̂�(𝑦) =  
# {𝑦𝑖 ≤ 𝑦}

𝑛
 

where #{𝐴} means the number of times the event A occurs (Davison and Hinkley 

1997). The empirical distribution assigns mass 
1

𝑛
 at each sample value 𝑦𝑖 , when 

there are repeated values in the sample the assigned probabilities are proportional 

to the sample frequencies at each distinct observed value 𝑦. Let 𝜃0  be the true 

value of the parameter 𝜃 associated with the distribution 𝐹. In this situation, 𝜃0 is 

estimated by 𝜃 and 𝐹 is estimated by �̂�. 

The bootstrap technique simulates the sampling and estimation process by drawing 

𝐵  samples with replacement from �̂�  (i.e. from the original dataset {𝑦1, … , 𝑦𝑛}). 

The “new” 𝐵 bootstrap samples have the same size 𝑛 of the original dataset and 

are denoted as {𝑦𝑏1
∗ , … , 𝑦𝑏𝑛

∗ }, 𝑏 = 1,… , 𝐵 (van der Leeden et al. 2008). From each 

of the B samples, the bootstrap estimate 𝜃𝑏
∗ is computed. Summarizing, bootstrap 

samples are drawn from �̂� and 𝜃 is estimated by 𝜃∗. 

The expectation of 𝜃∗ (given �̂�) is estimated by the mean of the estimates 𝜃𝑏
∗: 
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𝜃(.)
∗ =∑

𝜃𝑏
∗

𝐵

𝐵

𝑏=1

 

The variance of 𝜃∗ (given �̂�) is estimated by the variance of the estimates 𝜃𝑏
∗: 

𝑉𝑎�̂�(𝜃∗) = ∑
(𝜃𝑏

∗ − 𝜃(.)
∗ )2

𝐵 − 1

𝐵

𝑏=1

 

The standard error of of θ̂∗is estimated by the square root of the estimated variance 

of θ̂∗: 

𝑆𝐸�̂�(𝜃
∗) = √𝑉𝑎�̂�(�̂�∗) =  √∑

(𝜃𝑏
∗ − 𝜃(.)

∗ )2

𝐵 − 1

𝐵

𝑏=1

 

The bias of  θ̂∗, estimator of the bias of θ̂, is 

𝐵𝑖𝑎�̂� (𝜃∗) =  𝜃(.)
∗ − 𝜃 

We can now obtain the bias-corrected estimator of θ: 

𝜃𝐵 = 𝜃 − 𝐵𝑖𝑎�̂� (𝜃
∗) =  𝜃 − (𝜃(.)

∗ − 𝜃) = 2𝜃 − 𝜃(.)
∗  

The bootstrap described above is called the nonparametric bootstrap, because the 

bootstrap samples are drawn from the nonparametric empirical distribution 

function �̂�. 

3.5.4.1 Bootstrap for Two-Level Hierarchical Models 

The bootstrapping method described in the previous section is procedurally 

straightforward; however its application in hierarchical nested data structure needs 

some modifications. The following exposition is closely based on that in van der 

Leeden et al. (2008). 

In order to make the bootstrap succeed, the simulation must reflect the properties 

of the model that have generated the data. Therefore, a resampling scheme for 

hierarchical models must take into account the hierarchical data structure. This 
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means that the classical bootstrap theory assumption of independent and 

identically distribution of the observations does not hold for hierarchical data, 

because the units are characterized by intraclass dependencies.  

Consider the following two-level hierarchical mixed linear model: 

𝒀𝑗 = 𝑿𝑗𝜷 + 𝒁𝑗𝜹𝑗 + 𝒆𝑗, 3) 

where 𝒀𝑗  is the vector of outcomes, 𝑿𝑗 and 𝒁𝑗 are the matrix of predictor variables, 

𝜷 is the vector of fixed effects and 𝜹𝑗 is the vector of random effects for the 𝑗-th 

group. Let 𝒆𝑗   ̴ 𝑁(0, 𝜎
2𝑰𝑛𝑗)  and 𝜹𝑗   ̴ 𝑁(0, 𝑻) . Three bootstrap methods for two-

level hierarchical linear models have been proposed (van der Leeden et al. 2008): 

Parametric bootstrap The parametric bootstrap uses the parametrically estimated 

distribution function of the data to generate bootstrap samples. This method 

requires fixed explanatory variables and correctly specified model and 

distributions. The procedure is as follow: 

1. draw 𝐽 vectors 𝜹𝑗
∗  of Level 2 residuals from 𝑁(𝟎, �̂�). 

2. draw 𝐽 vectors 𝒆𝑗
∗  of Level 1 residuals from 𝑁(𝟎, 𝜎2𝑰𝑛𝑗) . 

3. Generate the bootstrap sample 𝒀𝑗
∗ from 𝒀𝑗

∗ = 𝑿𝑗�̂� + 𝒁𝑗𝜹𝑗
∗ + 𝒆𝑗

∗ . 

4. Compute estimates for all parameters of the two-level model. 

5. Repeat steps 1-4 𝐵 times and use obtained parameter estimates for further 

computation as 𝑆𝐸�̂�(𝜃
∗) and 𝜃𝐵 . 

Generally, the values of the outcome variable in bootstrap samples are not present 

in the original sample. 

Nonparametric residual bootstrap The residual bootstrap involves resampling 

Level 1 and Level 2 residuals with replacement, not keeping them together during 

resampling because of their independent distribution. This method requires fixed 

explanatory variables and correctly specified model. According to van der Leeden 

et al. (2008), nonparametric residual bootstrap had not been used in multilevel 

analysis at that time.  
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Nonparametric cases bootstrap The cases bootstrap requires the fewest 

assumptions: only the correct specification of the hierarchical dependencies in the 

data is assumed, letting explanatory variables as random. In this situation, 

bootstrap samples can be obtained by resampling entire cases, therefore the name 

of the method. For the mixed model presented in Equation 3), the general 

procedure is as follow: 

1. draw a sample of size 𝐽 with replacement from the Level 2 units. The sample 

obtained is {𝑗𝑘
∗ , 𝑘 = 1, … , 𝐽}. 

2. for each 𝑘, draw with replacement a sample of size 𝑛𝑗  of entire cases. For each 

𝑘, the set of data obtained is {(𝒀𝑖𝑘
∗ , 𝑿𝑖𝑘

∗ , 𝒁𝑖𝑘
∗ ), 𝑖 = 1,… , 𝑛𝑗}. 

3. Estimate all parameters of the two-level model. 

4. Repeat steps 1-3 𝐵 times and use obtained parameter estimates for further 

computation as 𝑆�̂�𝐵(θ̂
∗) and θ̂B. 

3.5.4.2 Bootstrap Confidence Intervals 

One of the most studied problems in the general bootstrap literature is to determine 

accurate confidence limits. As noted in DiCiccio and Romano (1987) and DiCiccio 

and Efron (1996) there are many procedures for estimating confidence limits: 

bootstrap normal method, percentile-t method, Hall’s percentile method and  

Efron’s percentile method with two further developments, the bias-corrected (BC) 

and the bias-corrected and accelerated (BCa) procedure.  

For a detailed explanation of some of the above-mentioned confidence limits 

methods, the introduction of some useful notation is needed, according to van der 

Leeden et al. (2008).  

Let Φ(z) be the standard normal distribution function and zα be the α-th quantile 

of the standard normal distribution, zα = Φ
−1(α). Let the distribution function of 

the estimator 𝜃  be 𝐻(𝜃) = 𝑃(𝜃 ≤ 𝜃) . From the bootstrap replications 𝜃𝑏
∗  of 𝜃 , 

where 𝑏 = 1,… , 𝐵 , a consistent and invariant under monotonic transformation 

estimator of 𝐻(𝜃) can be obtained:  
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�̂�(𝜃) =
#{𝑏:  𝜃𝑏

∗ ≤  𝜃}

𝐵
. 

Because of its simplicity and natural appeal, the most obvious way to construct a 

confidence interval for a parameter based on bootstrap estimates is the percentile 

method. It was developed by Efron in a series of articles and generates bootstrap 

(1-α)-level confidence interval selecting the 100*(α/2) and the 100*(1- α/2) 

percentiles of the bootstrap distribution of 𝜃∗. 

The 100(1-α)% percentile method confidence interval is given by: 

[�̂�−1 (
𝛼

2
) ; �̂�−1 (1 −

𝛼

2
)] . 

Efron’s percentile interval has not always a good coverage performance because 

the end points of the interval tend to be biased. In particular, the percentile method 

is not very good in small to moderate samples for asymmetric or heavy-tailed 

distributions.  To improve it, other interval methods that have high-order accuracy, 

as the BC and (BCa) intervals, have been developed. 

Assume the existence of a monotone increasing function g(θ) such that 

𝑔(�̂�) − 𝑔(𝜃0)

1 + 𝑎𝑔(𝜃0)
~ 𝑁(−𝑧0, 1). 

The constant 𝑧0  indicates the bias in the estimator 𝑔(𝜃) , and the accelerated 

constant 𝑎 the speed at which the standard deviation of the estimator increases 

with the parameter being estimated. The BCa confidence interval is given by: 

[�̂�−1 (𝛷(𝑧 [
𝛼

2
])) ; �̂�−1 (𝛷(𝑧 [1 −

𝛼

2
]))] 

where  

𝑧 [
𝛼

2
] =  𝑧0 +

𝑧0 + 𝑧𝛼
2

1 − 𝑎(𝑧0 + 𝑧𝛼
2
)
 

and  
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𝑧 [1 −
𝛼

2
] =  𝑧0 +

𝑧0 + 𝑧1−𝛼
2

1 − 𝑎 (𝑧0 + 𝑧1−𝛼
2
)
. 

A simple estimator of 𝑧0 is 𝑧0̂ = 𝛷
−1(�̂�(𝜃)). On the contrary, the estimation of 𝑎 

is rather complex and several formulas could be found in Efron (1987). When 

𝑎 = 0, the BC confidence interval is obtained.  
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3.6 Estimation Accuracy Indices 

Several measures of bias are used to evaluate the performance of estimation 

procedure. The simplest one is the gap between the estimated and the theoretical 

value, that is 

𝐵𝑖𝑎𝑠 = 𝜃 − 𝜃. 

Usually, it is preferable to use a relative measure of bias, defined as the proportion 

of the theoretical values from which the estimate departs from the theoretical value. 

The index of Relative Bias is computed as follow, 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐵𝑖𝑎𝑠 =
𝜃 − 𝜃

𝜃
. 

The percentage relative bias is considered negligible when less than 5%, moderate 

between 5% and 20% and large if it is greater than 20%.  

To measure the reliability and the stability of the estimates the Relative Error (RE) 

is commonly used. The RE is defined as the standard deviation of an estimate 

divided by the estimate itself and is usually expressed as a percentage.  

%𝑅𝐸 =  
𝑆𝑡𝑑𝐷𝑒𝑣(�̂�)

�̅̂�
∗ 100% 

As regards confidence intervals, they are evaluated by inspection of the percentage 

of replications in which the intervals contains the true parameter. This percentage 

is called Coverage Probability and is useful to have indications about the behavior 

of the computed confidence interval. In fact, the coverage probability is compared 

to theoretical coverage probability, which is often set at 95%. If all assumptions 

used in deriving a confidence interval are met, also the coverage probability will 

be 95%, otherwise it will be either less than or greater than the theoretical 

coverage probability: in the first case the interval is named permissive, in the 

second case conservative. 
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The width and the percentage width of the confidence interval are defined as 

follow: 

𝑊𝑖𝑑𝑡ℎ = 𝑈𝑝𝑝𝑒𝑟 𝐿𝑖𝑚𝑖𝑡 − 𝐿𝑜𝑤𝑒𝑟 𝐿𝑖𝑚𝑖𝑡, 

%𝑊𝑖𝑑𝑡ℎ =
(𝑈𝑝𝑝𝑒𝑟 𝐿𝑖𝑚𝑖𝑡−𝐿𝑜𝑤𝑒𝑟 𝐿𝑖𝑚𝑖𝑡)

�̅̂�
*100%. 
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  Chapter 4

SIMULATION STUDY 

The chapter details the design of the simulation study used to assess the 

perfomance of the estimation methods outlined in Chapter 3. It provides the 

definition of a feasible experimental design and the explanation of the model 

considered to describe the assay and to generate Monte Carlo simulations. Final 

considerations about computing and cost are also provided. 

4.1 Simulation Design 

According to the Monocyte Activation Test (MAT) procedure, described in 

Chapter 2, four sources of variability have been identified as relevant for the assay.  

 Operator effect  

The variability into the responses due to the operator who performs the 

analysis is mostly linked to his experience, precision and skill. Moreover, some 

variability is due to some manual operations (e.g. the phase of thawed cells, of 

preparing solutions) done by the analyst. 

 

 Donor effect 

Variability due to human factor has to be considered, even if the donors have 

been selected according to the blood donor eligibility criteria explained in 

section 2.2. 

 

 Analytical Session effect 

An analytical session consists of the work performed by a single operator in 

one lab, with the same equipment, in a short period of time (typically a day). 

Analytical sessions may differ among them for the employed equipment, for 
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example thawed out cells for each donor and new solutions to be used in that 

day.  

 Plate effect 

The effect due to the plate and to all the set of factors related to the preparation 

and processing each single plate (e.g. standard preparation and cells count)  

These four factors are considered random since their observed values can be 

considered as randomly sampled from an infinite set of values, according to a 

probability distribution. Therefore, the inference is not restricted to the observed 

values, but it refers to the whole distribution so that the conclusions of the assay 

are valid for all possible operators, selected donors, analytical sessions and plates. 

The variance components of the identified factors, and the correspondent 

percentages of total variability, reported in Table 1, reasonably resemble variance 

components which may be experienced in a real experiment performed, for 

example, during the pre-validation
7
 activities of the MAT assay for a new vaccine. 

These variance components were used to generate simulated tests as described in 

details in the next section. The notation adopted in Table 1 to describe the sources 

of variability resembles the hierarchical structure of the experiment: the effects 

outside the square brackets are nested within the effects inside the square brackets. 

Table 1 Variance components used to generate the simulated tests and the correspondent percentages of 

total variability. 

 
                                                           

7
 Pre-validation consists in robustness experiments, where bioassay parameters have been 

identified and ranges have been established for significant parameters, and also 

qualification experiments, where the final procedure has been performed to confirm 

satisfactory performance in routine operation [United States Pharmacopeia <1033>]. 

 

Source of Variability

Variance 

Component

% of Total 

Variability

Operator 0.0043 10%

Donor[Operator] 0.0237 55%

An_Sess[Operator,Donor] 0.0065 15%

Plate (Residual) 0.0086 20%

Total 0.0430 100%
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The experimental design of the simulated experiments is constituted by 2 operators 

who analyze 3 donors. Each operator analyzes each donor in 3 analytical sessions 

and 3 plates for session, for a total of 3 × 3 × 3 = 27 plates per operator. Figure 4 

graphically displays the proposed experimental design for one operator. 

Figure 4 Experiment performed in pre-validation phase of a new vaccine: design for one operator. 

 

The total number of plates of the experiment is 54. For every plate, as a relative 

measure of comparison between a reference lot and a sample lot, the logarithmic 

transformation of Relative Response is generated. 

4.2 Data generation  

Considering the described random effects and a balanced nested data structure, the 

model selected to resemble the MAT assay is 

𝑙𝑛𝑅𝑅𝑖𝑗𝑘𝑙 = µ + 휀𝑖
(4)
+ 휀𝑖𝑗

(3)
+ 휀𝑖𝑗𝑘

(2)
+ 휀𝑖𝑗𝑘𝑙

(1)
. 4) 

The response variable 𝑙𝑛𝑅𝑅𝑖𝑗𝑘𝑙 is the logarithmic transformation
8
 of the Relative 

Response (𝑅𝑅) obtained for each operator 𝑖, donor 𝑗, session 𝑘 and plate 𝑙. µ is the 

constant which represents the true 𝑙𝑛𝑅𝑅. The random effects of the model are as 

follows: 

                                                           
8
 The logarithmic transformation is needed because the Relative Response was previously 

defined as an exponential measure, see section 2.2. 
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 휀𝑖
(4)

, which represents the error associated with the operator who performs the 

analysis. This error is the same for each response value within the 𝑖-th operator, 

where 𝑖 =  1, … , 𝐼. 

 

 휀𝑖𝑗
(3)

, which represents the error associated with the donor used by the operator. 

This error is the same for each response value within 𝑗-th donor used by 𝑖-th 

operator, where 𝑗 =  1, … , 𝐽 and 𝑖 =  1, … , 𝐼. 

 

 휀𝑖𝑗𝑘
(2)

, which represents the error associated with the analytical session in which 

the operator uses the donors. This error is the same for each response value 

within 𝑘 -th analytical session, 𝑗 -th donor and 𝑖 -th operator, where 𝑘 =

 1, … , 𝐾, 𝑗 =  1, … , 𝐽 and 𝑖 =  1, … , 𝐼. 

 

 휀𝑖𝑗𝑘𝑙
(1)

, which represents the error associated with the different 𝑙-th plate and is 

different for each response value, where 𝑙 =  1, … , 𝐿 ,  𝑘 =  1, … , 𝐾 , 𝑗 =

 1, … , 𝐽 and 𝑖 =  1, … , 𝐼. 

The random effects are considered to be mutually independent and normally 

distributed. More precisely, 

휀𝑖
(4)
~ 𝑁(0, 𝜎

𝑖
(4)
2 ) 

휀𝑖𝑗
(3)
~ 𝑁(0, 𝜎

𝑖𝑗
(3)
2 ) 

휀𝑖𝑗𝑘
(2)
~ 𝑁(0, 𝜎

𝑖𝑗𝑘
(2)
2 ) 

휀𝑖𝑗𝑘𝑙
(1)
~ 𝑁(0, 𝜎

𝑖𝑗𝑘𝑙
(1)
2 ). 

From the described model, where the number of factors levels is 𝐼 = 2, 𝐽 = 3, 

𝐾 = 3 and 𝐿 = 3 respectively (according to the experiment design of Figure 4) 

and the variances of the normal distributions are the variance components of Table 
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1, 1000 simulated experiments have been generated. This scenario, whose features 

are summarized in Table 2, will be hereafter named “Baseline Experiment”. 

Table 2 Baseline Experiment: features. 

 

The simulation study starts with the generation of 1000 Baseline Experiments. The 

number of performed simulations has been chosen according to the analysis 

reported in Appendix B. In Figure 5, a summary of the main statistics for the 

generated error components and response variable are reported, along with a 

histogram of the 𝑙𝑛𝑅𝑅 distribution. 

Figure 5 Summary statistics and 𝒍𝒏𝑹𝑹 distribution for 1000 simulated Baseline Experiments. 

 

 

4.3 Monte Carlo Simulation Plan 

The simulation study was designed to make inference on variance components. 

The first part of the study has the aim to analyze the performance of REML 

estimator under a variety of conditions comparable to those which can be observed 

in a real bioassay. Focusing on bounded and unbounded estimation procedures, 

Source of Variability

Variance 

Component

% of Total 

Variability Distribution

Number

of Levels Sample Size

Operator 0.0043 10% Normal 2 2

Donor[Operator] 0.0237 55% Normal 3 6

An_Sess[Operator,Donor] 0.0065 15% Normal 3 18

Plate (Residual) 0.0086 20% Normal 3 54

Total 0.0430 100%

Variable N Minimum Maximum Median Mean Variance

e_Op 54000 -0.2311540 0.2213886 0.0017697 0.0006903 0.0042182

e_Op_Don 54000 -0.5892163 0.5561288 -0.0022683 -0.0012094 0.0230128

e_Op_Don_AnS 54000 -0.3042266 0.3490894 0.0010202 0.0006713 0.0065216

e_Residual 54000 -0.3918400 0.3785216 -0.0005668 -0.0001649 0.0086344

lnRR 54000 1.1440098 2.7729532 2.0003263 1.9999872 0.0432786
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changes in relative bias and in %RE, and the percentage of null variance 

components estimates have been evaluated. Three different studies have been 

performed, starting from the Baseline Experiment design. The first study considers 

different percentages of total variability attributed to each random effect of the 

model (relative importance of the four variance components); the second study 

considers possible departures from the normal distribution for the Operator and 

Donor effects
9
; the third study evaluates the effect of an increase in the number of 

the factor levels. Table 3, Table 4 and Table 5 report the different scenarios for the 

first, the second and the third simulation study, respectively. 

Table 3 First Simulation Study: different scenarios. 

 

Table 4 Second Simulation Study: different scenarios. 

 

Table 5 Third Simulation Study: different scenarios. 

 

                                                           
9
 The reason which leads to consider a possible departure from the normal distribution 

only for these two effects is explained in Chapter 5. 

Source of Variability
Variance 

Component

% of Total

Variability

Variance 

Component

% of Total

Variability

Variance 

Component

% of Total

Variability

Variance 

Component

% of Total

Variability

Operator 0.0043 10% 0.0301 70% 0.0108 25% 0.0043 10%

Donor[Operator] 0.0237 55% 0.0043 10% 0.0108 25% 0.0043 10%

An_Sess[Operator,Donor] 0.0065 15% 0.0043 10% 0.0108 25% 0.0043 10%

Residual 0.0086 20% 0.0043 10% 0.0108 25% 0.0301 70%

Total 0.0430 100% 0.0430 100% 0.0430 100% 0.0430 100%

Baseline Experiment Scenario 1 Scenario 2 Scenario 3

Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5

Source of Variability
Variance 

Component

% of Total

Variability
Distribution Distribution Distribution Distribution Distribution Distribution

Operator 0.0043 10% Normal t Student (df=3) Normal LogNormal Normal LogNormal

Donor[Operator] 0.0237 55% Normal Normal t Student (df=3) Normal LogNormal LogNormal

An_Sess[Operator,Donor] 0.0065 15% Normal Normal Normal Normal Normal Normal

Residual 0.0086 20% Normal Normal Normal Normal Normal Normal

Baseline Experiment

Baseline

Experiment

Scenario 

1

Scenario 

2

Scenario 

3

Scenario 

4

Scenario 

5

Scenario 

6

Scenario 

7

Scenario 

8

Scenario 

9

Scenario 

10

Source of Variability
Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Number

of Levels

Operator 2 3 4 5 2 2 2 2 2 2 3

Donor[Operator] 3 3 3 3 4 5 6 3 3 3 5

An_Sess[Operator,Donor] 3 3 3 3 3 3 3 4 5 6 4

Plate (Residual) 3 3 3 3 3 3 3 3 3 3 3

Source of Variability
Sample Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Sample 

Size

Operator 2 3 4 5 2 2 2 2 2 2 3

Donor[Operator] 6 9 12 15 8 10 12 6 6 6 15

An_Sess[Operator,Donor] 18 27 36 45 24 30 36 24 30 36 60

Plate (Residual) 54 81 108 135 72 90 108 72 90 108 180
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Baseline Experiment, Scenario 5 from Second Simulation Study and Scenario 10 

from Third Simulation Study have been selected as example of realistic 

experiment for further considerations. In fact, a second part of the study was 

developed with the aim to analyze the performance of different procedures to 

construct confidence intervals on variance components. 95% confidence intervals 

for each variance component have been computed according to three different 

approaches presented in Chapter 3: Wald confidence interval for unbounded 

estimates, Satterthwaite-Wald integrated method for adjusting null estimates and 

non-parametric cases Bootstrap confidence intervals with percentile method. The 

first two types of confidence interval were constructed on 200 variance 

components estimates for each random effect. As regards the Bootstrap confidence 

interval, it is recommended (Efron and Tibshirani 1986) to have at least 1000 

bootstrap samples; that is, in our case study, 1000 bootstrap samples from each 

one of the 200 simulated experiments. 

4.4 Computing and Cost 

All required computing and analyses for the simulation study were performed 

using SAS 9.3 and JMP 11. The SAS software permits data generation, Monte 

Carlo simulations running and many statistical analyses, e.g. variance components 

estimation and 95% confidence intervals computation. JMP was mostly used for 

graphical representations and creation of summary tables.  

In terms of cost, SAS PROC MIXED (procedure used to estimate variance 

components) took about 1 minute for the 1000 simulated experiments. 

Convergence was obtained in all trials and there were no inadmissible solutions. 

As regard bootstrapping, the implementation requires skills, knowledge and a 

substantial amount of time. A SAS macro has been specifically written for 

implementing the non-parametric cases bootstrap procedure; it takes about 5 

minutes to generate parameter estimates for 1000 non-parametric bootstrap 

samples from one simulated experiment (with bounded, unbounded and integrated 
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estimation methods at once). The results are reported in the following chapter and 

compared to Wald confidence interval for unbounded estimates. 
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  Chapter 5

SIMULATION RESULTS 

This chapter presents the results of Monte Carlo simulations explained in Chapter 

4. The benchmark for the following analyses is the so called “Baseline 

Experiment”, an experiment which can be performed, for example, in the pre-

validation
10

 phase of a new vaccine and presenting the features reported in Table 2 

of Chapter 4. 

In order to evaluate the performance of REML estimators for variance components, 

1000 simulations have been considered; the analysis for establishing the sufficient 

number of simulations is reported in Appendix B.  

 

  

                                                           
10

 See Footnote 7 pag 34. 
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PART I 

5.1 VARIANCE COMPONENTS ESTIMATION 

For the 1000 simulated Baseline Experiments, 1000 variance components 

estimates for each factor of the model have been obtained with both bounded and 

unbounded methods, as explained in sections 3.4.2 and 3.4.4. 

For bounded and unbounded procedures, the distributions of these variance 

components are shown in Figure 6 and Figure 7, respectively. The true variance 

component and the percentage of null values obtained from the simulations are 

reported for completeness.  

Figure 6 Bounded estimated variance components for 1000 simulated Baseline Experiments. 

 

 

Estimated 

VarComp N % of Total

Null 519 52%

Positive 481

True

VarComp

% of Total 

Variability

0.0043 10%

True

VarComp

% of Total 

Variability

0.0237 55%

Estimated 

VarComp N % of Total

Null 21 2%

Positive 979

Estimated 

VarComp N % of Total

Null 10 1%

Positive 990

True

VarComp

% of Total 

Variability

0.0065 15%

True

VarComp

% of Total 

Variability

0.0086 20%

Estimated 

VarComp N % of Total

Null 0 0%

Positive 1000
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Figure 7 Unbounded estimated variance components for 1000 simulated Baseline Experiments. 

 

With the formula reported in section 3.4.4, the probability to obtain a negative 

variance component estimate when the observations of a cluster are 27 and the true 

variance component is equal to 0.0043 has been computed. The result, for the 

number of factor levels that ranges from 2 to 50, is reported in Figure 8. 

When the number of factor levels is 2, the computed probability could be 

considered as an approximation of the probability of obtaining a negative variance 

component in the case of the Operator effect of the Baseline Experiment. In 

details, the computation gives: 

𝑃𝑟(negative Operator variance component)

=  𝑃𝑟(𝐹2∗(27−1),2−1 >  1 +  27 ∗ 0.0043 ) 

= 𝑃𝑟(𝐹52,1 >  1.1161 ) = 0.6517 

Estimated 

VarComp N % of Total

Negative 519 52%

Positive 481

Estimated 

VarComp N % of Total

Negative 20 2%

Positive 980

Estimated 

VarComp N % of Total

Negative 10 1%

Positive 990

Estimated 

VarComp N % of Total

Negative 0 0%

Positive 1000

True

VarComp

% of Total 

Variability

0.0043 10%

True

VarComp

% of Total 

Variability

0.0237 55%

True

VarComp

% of Total 

Variability

0.0065 15%

True

VarComp

% of Total 

Variability

0.0086 20%
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It is important to consider that the formula reported in section 3.4.4 is defined for 

the two-level model, while the model considered in the thesis has four levels. The 

higher number of levels could be a justification for observing a 52% of simulated 

negative estimates for the Operator effect (see the Operator box of Figure 7), while  

the computed theoretical probability is  65%. 

Figure 8 Probability of obtaining a negative variance component in the case of clusters of size 27 and 

variance component equal to 0.0043. When the number of clusters is 2 (represented by a full black dot), 

the Operator effect of the Baseline Experiment is symbolized. 

 

In the thesis case study, negative estimates occur mostly for the Operator effect 

(due to the little number of levels and its small variance component). Setting its 

estimates to zero with the bounded approach can affect the estimates of the other 

factors of the model. Although, by definition, a variance component cannot be 

negative. For these reasons, an additional approach has been investigated: firstly 

the unbounded method is used to not affect the other estimates (as noticed in 

section 3.4.4, this approach was recommended by Littell et al. (2006)) then, the 

negative estimates have been substituted with 0. The distributions of the 1000 

variance components estimated for each factor with the integrated method are 

shown in Figure 9. 
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Figure 9 Estimated variance components for 1000 simulated Baseline Experiments with the integrated 

method of estimation. 

 

For each estimation method, a summary of the results and the accuracy indices for 

the Baseline Experiment are reported in Table 6. 

Table 6 Variance components estimation for the Baseline Experiment: summary of results and accuracy 

indices.  

 

True

VarComp

% of Total 

Variability

0.0043 10%

True

VarComp

% of Total 

Variability

0.0237 55%

True

VarComp

% of Total 

Variability

0.0065 15%

True

VarComp

% of Total 

Variability

0.0086 20%

Estimated 

VarComp N % of Total

Null 519 52%

Positive 481

Estimated 

VarComp N % of Total

Null 20 2%

Positive 980

Estimated 

VarComp N % of Total

Null 10 1%

Positive 990

Estimated 

VarComp N % of Total

Null 0 0%

Positive 1000

Source of Variability
True 

VarComp

% of Total 

Variability
Type of Estimate

Estimated 

VarComp
%RE Rel_Bias

% of null/negative

Estimates

Bounded 0.009227 193% 115%

Unbounded 0.005217 396% 21%

Integrated method 0.009234 193% 115%

Bounded 0.020995 78% -11%

Unbounded 0.023376 80% -1%

Integrated method 0.023404 80% -1%

Bounded 0.006490 58% 0%

Unbounded 0.006507 58% 0%

Integrated method 0.006515 58% 0%
Bounded 0.008627 23% 0%

Unbounded 0.008633 23% 0%

Integrated method 0.008633 23% 0%

Bounded 0.045339 51% 5%

Unbounded 0.043733 53% 2%
Integrated method 0.047786 50% 11%

Operator 0.0043 10% 52%

Donor[Operator] 0.0237 55% 2%

An_Sess[Operator,Donor] 0.0065 15% 1%

Plate (Res idual ) 0.0086 20% 0%

0%Total 0.0430 100%
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This analysis shows a high positive relative bias for the Operator effect with the 

bounded estimation; this bias is due to the high values on the right tail of the 

distribution and the impossibility to produce negative variance components. The 

same large bias remains when the integrated method is used. On the contrary, the 

unbounded procedure allows the estimates to remain negative, so the distribution 

is less asymmetric and the bias improves. Moreover, in the Baseline Experiment, 

the Operator has only 2 levels and the lowest percentage of total variability; from 

Table 6 we can see that for Donor, Analytical Session and Residual effects (each 

one with 3 levels and a higher percentage of total variability respect to the 

Operator effect) the bias reduces. The same observations could be done 

considering the values of %RE index: the variability is very high for the Operator 

effect and improves for the other factors of the model.  

5.1.1 First Simulation Study 

The complete results of the First Simulation Study explained in section 4.3 are 

reported in Table 13 of Appendix A.  

A summary of the relative bias as a function of the percentage of total variability is 

reported in Figure 10, for each factor of the model. The different types of 

estimation are represented by different colors. The difference between the dotted 

and the entire line, when the color is the same, represents the different scenarios in 

which the factor has the same percentage of total variability. For example, the 

Operator has 10% of total variability both in the Baseline Experiment and in the 

Scenario 3; distinct representations have been reported for completeness. 

Moreover, when the Operator effect has the 10% of total variability, it is important 

to highlight that the difference between the relative bias of the Baseline 

Experiment and the relative bias of Scenario 3 is particularly considerable. This 

could be imputable to the percentage of total variability attributed to the factor of 

the lower level, in this experimental design the Donor. In fact, when the Donor 

effect has a big percentage of total variability (as in the Baseline Experiment) the 
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Operator relative bias is high, and when the Donor effect has a small percentage of 

total variability (as in Scenario 3) the Operator relative bias is low.  

Figure 10 Changes in relative bias depending on the percentage of total variability attributed to each 

random effect. 

 

For Donor and Analytical Session effects, the evaluated range of relative 

importance variation is narrower than for Operator and Residual effects. In fact, 

for the latter two, the percentage of total variability attributed to the factor passes 

from 10% to 70%; for the Donor from 10% to 55% and for the Analytical Session 

from 10% to 25%. In the considered range, the relative bias for the Donor, the 

Analytical Session and the Residual effects is almost ignorable and does not 

significantly change in function of their relative importance. In conclusion, a small 

number of clusters is particularly critic when the factor has a low percentage of 

total variability. 

As regards the total variance of the experiment, the changes in relative bias in 

function of the different scenarios are reported in Figure 11. The different types of 

estimation are represented by different colors. In conclusion, for the total variance, 

the unbounded estimation procedure has the optimal relative bias in every scenario. 
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Figure 11 Changes in relative bias for total variability depending on the different scenarios considered 

in First Simulation Study. 

 

5.1.2 Second Simulation Study 

The complete results of the Second Simulation Study explained in section 4.3 are 

reported in Table 14 of Appendix A. 

It is pertinent to highlight the reason which has conducted to consider a possible 

departure from the normal distribution only for the Operator and the Donor effects. 

These two effects, differently from the Analytical Session and the Plate effects, 

strictly depend on the human factor; this is why it is reasonable to consider a t-

Student distribution (which has heavier tails than the Normal distribution) and a 

LogNormal distribution (which is asymmetric respect to the mean and never 

negative). A summary of the percentage relative error between the 1000 variance 

components estimates in function of the random effect distribution is reported in 

Figure 12. The different types of estimation are represented by different colors.  

Figure 12 Changes in %RE between 1000 variance components estimates for Operator and Donor 

effects when possible departures from the normal distribution are considered.  
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For the relative error, the effect of a departure from the normal distribution is 

comparable between the two non-normal distributions, as we can see from Figure 

12. A summary of the relative bias in function of the random effect distribution is 

reported in Figure 13. 

Figure 13 Changes in relative bias for Operator and Donor effects when possible departures from the 

normal distribution are considered. 

 

For the unbounded estimation, both for the Operator and the Donor effects, the 

relative bias remains negligible or moderate when a possible deviation from 

normal distribution is considered. Since for the Operator effect, the relative bias is 

comparable between the bounded and the integrated method, the bounded 

approach has been considered for further analysis.  

In Figure 14, for Normal, Log-Normal and t-Student Operator effect distributions, 

the distribution of the 1000 variance components estimates obtained with the 

bounded procedure is reported. The null estimates (negative estimates set to zero) 

underestimate the variance component. In the Normal distribution case, the 

variability and the maximum estimate are equal to 0.0177 and 0.1507, respectively. 

When the LogNormal and t-Student distribution are used, the number of null 

estimates increases (from 52% to 60%), so the variance component is even more 

underestimated. Moreover, the variability and the maximum estimate are higher 

than in the Normal distribution (respectively 0.0254 and 0.2987 for the 

LogNormal case, 0.0277 and 0.6142 for the t Student case). For these reasons, for 

the bounded estimation, the relative bias for the Operator effect under Log Normal 

and t-Student distributions results to be lower than the relative bias under 

normality. 
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Figure 14 Distributions of the 1000 Operator variance components estimates for Normal, Log-Normal 

and t-Student Operator effect distribution. The bounded approach is used for the estimation. 

 

5.1.3 Third Simulation Study 

The complete results of the Third Simulation Study explained in section 4.3 are 

reported in Table 15 of Appendix A. 

A summary of the relative bias in function of the increasing number of factor 

levels is reported in Figure 15 for Operator, Donor and Analytical session effects. 

The different types of estimation are represented by different colors. It is apparent 

that, for high levels of the nested structure (Operator and Donor), the increase of 

the number of clusters means a decrease in the relative bias; in particular, for the 

Operator effect the big benefit is visible when passing from 2 to 3 clusters (the 

total sample size passes from 54 to 81). For the Analytical Session, the relative 

True

VarComp

% of Total 

Variability

0.0043 10%

Estimated 

VarComp N % of Total

Null 602 60%

Positive 398

True

VarComp

% of Total 

Variability

0.0043 10%

Estimated 

VarComp N % of Total

Null 602 60%

Positive 398

Estimated 

VarComp N % of Total

Null 519 52%

Positive 481

True

VarComp

% of Total 

Variability

0.0043 10%
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bias is almost ignorable and does not significantly change in function of the 

number of its clusters. 

Figure 15 Changes in relative bias depending on the increase in number of each factor levels. 

 

A first result that arises from the Third Simulation Study is that, if a factor has 

very few levels (as the Operator), the desired design should increase the number of 

its levels. This was an expected result. 

As regards the total variance of the experiment, the changes in relative bias and 

%RE in function of the increase in number of each factor levels are reported in 

Figure 16. The changes in relative bias and %RE in function of the total sample 

size of the Baseline Experiment and the Scenario 10 are reported in Figure 17. The 

different types of estimation are represented by different colors. 

In Figure 16, the relative bias and the %RE for the total variance of the experiment 

improve for the Operator effect more than for the other factors. This is a 

confirmation that, if there is the necessity to increase the number of a factor levels, 

this increase should be concentrated on the factor with the smallest part of total 

variability, because its variance is the more difficult to estimate. 

 



 

52 

 

Figure 16 Changes in relative bias and %RE for total variability depending on the increase in number 

of each factor levels. 
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Figure 17 Changes in relative bias and %RE for total variability depending on the increase in 

experiment sample size. 

 

In conclusion, even if Figure 17 shows that with bounded and unbounded 

estimation the total relative bias of the Baseline Experiment is negligible (less than 

5%), an improvement both in relative bias and in %RE could be possible by 

increasing the sample size of the experiment, especially including more levels for 

the factors with the smallest part of total variability. 
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PART II 

5.2 CONFIDENCE INTERVALS ON VARIANCE 

COMPONENTS ESTIMATES 

The Baseline Experiment, Scenario 5 from Second Simulation Study and Scenario 

10 from Third Simulation Study have been selected as example of realistic 

experiment for an investigation on the coverage probability of several type of 

confidence intervals. Scenario 5 from Second Simulation Study will be hereafter 

named “LogNormal Scenario” and Scenario 10 from Third Simulation Study 

“Large Sample Size Scenario”. Their features are reminded in Table 7. 

Table 7 Baseline Experiment, LogNormal Scenario and Large Sample Size Scenario: features. 

 

For 200 of the 1000 variance components estimates obtained for each factor of the 

model, the 95% confidence intervals have been computed according to three 

different approaches presented in Chapter 3: Wald confidence interval for 

unbounded estimates, Satterthwaite-Wald integrated method and non-parametric 

Bootstrap confidence intervals with percentile method. The Bootstrap approach 

has been performed on bounded, unbounded and integrated method of estimation.  

The Wald-Satterthwaite integrated method, developed during the study, considers 

Satterthwaite confidence intervals for the positive estimates obtained with the 

bounded approach, and an integration of Wald confidence intervals (constructed 

on the negative variances obtained with the unbounded estimation method) for 

those estimates set to zero in the bounded approach. Often, the computation of the 

upper limit with the Satterthwaite method produces very high values. The width of 

the confidence interval will be abnormal and consequently also the coverage 

probability. For this reason, the Wald-Satterthwaite integrated method will not be 

Source of Variability

% of Total

Variability
Distribution

Number

of Levels

Sample 

Size

% of Total

Variability
Distribution

Number

of Levels

Sample 

Size

% of Total

Variability
Distribution

Number

of Levels

Sample 

Size

Operator 10% Normal 2 2 10% LogNormal 2 2 10% Normal 3 3

Donor[Operator] 55% Normal 3 6 55% LogNormal 3 6 55% Normal 5 15

An_Sess[Operator,Donor] 15% Normal 3 18 15% Normal 3 18 15% Normal 4 60

Plate (Residual) 20% Normal 3 54 20% Normal 3 54 20% Normal 3 180

LogNormal Scenario Large Sample Size ScenarioBaseline Experiment
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considered for the comparison of coverage probability between different types of 

confidence interval. Hereafter, the interest is on the comparison of Wald 

confidence interval and non-parametric Bootstrap confidence interval obtained 

with percentile method. 

The complete results of confidence intervals coverage are reported in Table 16 of 

Appendix A.  

5.2.1 Wald CI 

The Wald confidence interval has been constructed on unbounded variance 

components estimates as previously detailed in sections 3.5.1 and 3.5.3. The 

selected confidence level is (1 − 𝛼) = 0.95. For each of the four effects and for 

the three different scenarios, the mean lower limit, upper limit, %width and the 

percentage of coverage probability obtained with the Wald method are reported in 

Table 8. A graphical representation for the percentage of coverage probability is 

proposed in Figure 18.  

Table 8 Baseline Experiment, LogNormal Scenario and Large Sample Size Scenario: comparison of the 

mean lower limit, upper limit, %width and the percentage of coverage probability for the Wald method. 

 

Generally, the coverage probabilities of the Baseline Experiment and Large 

Sample Size Scenario are higher than those of the LogNormal Scenario. The 

confidence intervals coverage probabilities are close to the theoretical coverage 

Baseline Experiment -0.042504 0.054054 * 86%

LogNormal Scenario -0.048096 0.060662 * 76%

Large Sample Size Scenario -0.015160 0.022578 * 75%

Baseline Experiment -0.014236 0.064842 313% 80%

LogNormal Scenario -0.016857 0.079432 308% 48%

Large Sample Size Scenario 0.002918 0.045702 176% 88%

Baseline Experiment -0.001158 0.014027 236% 91%

LogNormal Scenario -0.001162 0.014294 235% 88%

Large Sample Size Scenario 0.002690 0.010729 120% 95%

Baseline Experiment 0.005708 0.014564 103% 96%

LogNormal Scenario 0.005768 0.014717 103% 94%

Large Sample Size Scenario 0.006742 0.011206 52% 95%

Operator

Donor[Operator]

An_Sess

[Donor,Operator]

Plate (Residual)

Source of Variability Scenarios Lower Upper %Width % of Coverage

* The mean is too close to zero to compute the %width
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probability (95%) for the Plate effect; in fact, the Plate effect is the lowest level of 

the nested structure of the experiment, so its sample size (54 for both the Baseline 

Experiment and LogNormal Scenario, and 180 for the Large Sample Size Scenario) 

is higher than that of the other effects. For the same reason, the Analytical Session 

effect of the Large Sample Size Scenario (with a level sample size of 60) has a 

satisfactory coverage probability, too. In conclusion, for the bioassay scenarios 

considered in the second part of the study, the Wald confidence interval is defined 

as permissive. 

Figure 18 Baseline Experiment, LogNormal Scenario and Large Sample Size Scenario: comparison of 

the percentage of coverage probability for the Wald method. 

 

5.2.2 Non-parametric Bootstrap percentile method CI  

As regards non-parametric Bootstrap, the construction of the confidence interval 

has followed the percentile method described in section 3.5.4.2. For each of the 

first 200 simulated Baseline Experiments, a bootstrap confidence interval has been 

constructed. For each Baseline Experiment, 1000 bootstrap samples have been 

generated and, for each bootstrap sample, the variance components estimates have 

been computed. The distribution of the 1000 estimates for each factor has been 

observed. The selected confidence level is (1 − 𝛼) = 0.95 , so the considered 

percentiles of the bootstrap distribution of the variance components estimates are 

(𝛼/2) = 0.025  and (1 − 𝛼/2) = 0.975 . For each of the four effects, for the 
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Baseline Experiment, the mean lower limit, upper limit, %width and the 

percentage of coverage probability obtained with the non-parametric Bootstrap 

percentile method are reported in Table 9. A graphical representation of the 

percentage of coverage probability in function of the estimation method used in 

the non-parametric Bootstrap percentile method is proposed in Figure 19. 

Table 9 Baseline Experiment: comparison of the mean lower limit, upper limit, %width and the 

percentage of coverage probability for the non-parametric Bootstrap percentile method.  

 

Figure 19 Baseline Experiment: comparison of the percentage of coverage probability in function of the 

estimation method used in the non-parametric Bootstrap percentile method.  

 

Bounded 0.000000 0.046853 446% 99%

Unbounded -0.028029 0.047932 * 100%

Bounded + Unbounded 0.000000 0.047932 490% 100%

Bounded 0.000200 0.063831 105% 83%

Unbounded -0.007043 0.077593 137% 91%

Bounded + Unbounded 0.000068 0.077593 123% 91%

Bounded 0.001236 0.019986 185% 100%

Unbounded -0.008633 0.023776 285% 100%

Bounded + Unbounded 0.000105 0.023776 195% 100%

Bounded 0.002420 0.010482 140% 74%

Unbounded 0.002100 0.015528 201% 98%

Bounded + Unbounded 0.002100 0.015528 201% 98%

Operator

Donor[Operator]

An_Sess

[Donor,Operator]

Plate (Residual)

Source of Variability Type of Estimate Lower Upper %Width % of Coverage

* The mean is too close to zero to compute the %width
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Generally, the coverage probabilities obtained with the percentile method are 

higher when the unbounded and the integrated (in Figure 19 displayed as 

“Bounded + Unbounded”) estimation methods are used. The confidence intervals 

coverage probabilities are higher than the theoretical coverage probability (95%) 

for almost every effect and estimation method, except for the Donor effect. In 

conclusion, for the Baseline Experiment, the non-parametric Bootstrap confidence 

interval obtained with percentile method is defined as conservative. 

5.2.3 Comparison of Wald and non-parametric Bootstrap percentile method 

CI 

The comparison between Wald confidence intervals and non-parametric Bootstrap 

percentile method confidence intervals refers to 200 simulations of the Baseline 

Experiment. The results of the comparison are shown in Table 10. 

Table 10  Baseline Experiment: Wald confidence intervals and non-parametric Bootstrap percentile 

method confidence intervals comparison.  

 

For the four effects, the average of the coverage probabilities obtained with the 

same method is computed. A summary of the obtained mean coverage 

Source of

 Variability
CI Method Type of Estimate N cases Lower Upper %Width

% of 

Coverage

Wald Unbounded 200 -0.042504 0.054054 * 86%

Bounded 200 0.000000 0.046853 446% 99%

Unbounded 200 -0.028029 0.047932 * 100%

Bounded + Unbounded 200 0.000000 0.047932 490% 100%

Wald Unbounded 200 -0.014236 0.064842 313% 80%

Bounded 200 0.000200 0.063831 105% 83%

Unbounded 200 -0.007043 0.077593 137% 91%

Bounded + Unbounded 200 0.000068 0.077593 123% 91%

Wald Unbounded 200 -0.001158 0.014027 236% 91%

Bounded 200 0.001236 0.019986 185% 100%

Unbounded 200 -0.008633 0.023776 285% 100%

Bounded + Unbounded 200 0.000105 0.023776 195% 100%

Wald Unbounded 200 0.005708 0.014564 103% 96%

Bounded 200 0.002420 0.010482 140% 74%

Unbounded 200 0.002100 0.015528 201% 98%

Bounded + Unbounded 200 0.002100 0.015528 201% 98%

Plate (Res idual ) Non-Parametric

Bootstrap

Operator Non-Parametric

Bootstrap

Donor

[Operator] Non-Parametric

Bootstrap

An_Sess

[Operator,Donor] Non-Parametric

Bootstrap

* The mean is too close to zero to compute the %width
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probabilities and the correspondent method, used for the construction of the 

confidence interval, is reported in Table 11. 

Table 11 Baseline Experiment: mean coverage probability with the correspondent method of confidence 

interval construction.  

 

From Table 11, it is possible to conclude that the Bootstrap approach performs 

better than the Wald method in terms of coverage probability for confidence 

intervals. For this reason, the Bootstrap percentile method has been also used for 

constructing confidence intervals on the total variance of 200 Baseline 

Experiments. Considering the unbounded estimation, the coverage probability 

obtained with Bootstrap percentile method for the total variance of 200 Baseline 

Experiments is reported in Table 12. 

Table 12 Baseline Experiment: coverage probability obtained with Bootstrap percentile method with 

the unbounded estimation for the total variance.  

 

 
  

Bounded 89%

Unbounded 97%

Bounded + Unbounded 97%

CI Method Type of Estimate

Mean of 

% of Coverage 

for the sources of variability

Wald Unbounded 88%

Non-Parametric

Bootstrap

Total
Non-Parametric

Bootstrap
Unbounded 111% 93%

Source of Variability CI Method Type of Estimate %Width % of Coverage
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  Chapter 6

CONCLUSIONS  

6.1 Summary and Conclusions 

A large simulation study has been performed to evaluate the performance of 

different variance components estimators under conditions comparable to those of 

a realistic bioassay (small sample size, small variances and possible deviations 

from the normal distribution). Moreover, the coverage probability of different 

confidence intervals on variance components has been investigated. 

The estimation methods used in this study are three: bounded, unbounded and an 

additional approach which considers the unbounded estimation, substituting the 

negative estimates with 0.  

The comparison between coverage probabilities has focused essentially on two 

types of confidence intervals: the Wald confidence interval on unbounded 

estimates and the non-parametric cases Bootstrap confidence interval with 

percentile method (on bounded, unbounded and integrated estimation). For the 

total variance, the Bootstrap confidence interval on unbounded estimates has been 

considered.  

The main findings of this research are summarized as follows. 

 The total variance estimation performs well with the three estimation 

approaches (the relative bias is always less than 11%), especially with the 

unbounded one. Since in bioassay validation the total variance is used to 

estimate the IP %CV, as recommended in United States Pharmacopeia <1033>, 

the reliability of its estimation is a notable result.  

The single variance components estimates, which in bioassay are used to 

determine a suitable testing format, appear less reliable than the total variance 
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estimate. When the interest is on the single variance components estimates, this 

research confirms that an increase in the sample size of the Baseline 

Experiment of Table 2, which resembles a real bioassay experiment, could be 

useful for improving the estimation. In particular, if the experiment is used to 

determine the assay format, the suggestion that arises from the study, is to 

increase the number of levels of the Operator effect (the factor that has very few 

levels and a low percentage of total variability) from 2 to 3, because with 3 

levels a big benefit is visible. If this is not practically possible, the assay format 

should be reconfirmed with a further specific experiment.  

 

 As recommended in United States Pharmacopeia <1033>, a confidence interval 

for the estimates of bioassay validation parameters should be presented. From 

the comparison between Wald and Bootstrap confidence intervals, it is possible 

to conclude that the Bootstrap percentile method guarantees a more satisfactory 

coverage probability on the single variance components. For the total variance, 

the Bootstrap confidence interval on unbounded estimation is permissive but 

satisfying. For this reason, this study suggests to use the Bootstrap method to 

compute confidence intervals for the IP CV%. 

 

 The results of this thesis are valid for a bioassay experiment under conditions 

comparable to those which can be observed in a real case. The research shows 

that, although the bounded estimation procedure is the default method of many 

software, in this particular case study (where a factor has very few levels and a 

small variance) the unbounded estimation procedure is to recommend for the 

total variance estimation. 

6.2 Future Works 

Further future investigations could be about the confidence interval coverage using 

a parametric version of bootstrap resampling, which has been taken into account 

but not deeply investigated. The number of experiments considered for the 
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coverage probabilities comparison could be increased as needed. Another aspect 

that could be interesting for further work is the employment of other Bootstrap 

confidence interval types, as the Bootstrap-t or the 𝐵𝐶 and 𝐵𝐶𝑎 methods.  
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Appendix A 
Complete Simulation Study Results 

Table 13 Estimation methods comparison: First Simulation Study results. 

 

 

 

 

 

  

Source of Variability
True 

VarComp

% of Total 

Variability
Type of Estimate

Estimated 

VarComp
%RE Rel_Bias

% of null/negative

Estimates

Bounded 0.009227 193% 115%

Unbounded 0.005217 396% 21%

Integrated method 0.009234 193% 115%

Bounded 0.020995 78% -11%

Unbounded 0.023376 80% -1%

Integrated method 0.023404 80% -1%

Bounded 0.006490 58% 0%

Unbounded 0.006507 58% 0%

Integrated method 0.006515 58% 0%
Bounded 0.008627 23% 0%

Unbounded 0.008633 23% 0%

Integrated method 0.008633 23% 0%

Bounded 0.045339 51% 5%

Unbounded 0.043733 53% 2%
Integrated method 0.047786 50% 11%

Bounded 0.031026 147% 3%

Unbounded 0.030719 149% 2%

Integrated method 0.031055 147% 3%

Bounded 0.004199 99% -2%

Unbounded 0.004269 105% -1%

Integrated method 0.004396 99% 2%

Bounded 0.004211 52% -2%

Unbounded 0.004311 54% 0%

Integrated method 0.004313 53% 0%

Bounded 0.004315 23% 0%

Unbounded 0.004316 23% 0%

Integrated method 0.004316 23% 0%

Bounded 0.043751 105% 2%

Unbounded 0.043615 106% 1%
Integrated method 0.044079 104% 3%

Bounded 0.013312 167% 23%

Unbounded 0.011691 201% 8%

Integrated method 0.013374 167% 24%

Bounded 0.010048 99% -7% 15%
Unbounded 0.010722 105% -1%

Integrated method 0.011041 99% 2%

Bounded 0.010567 52% -2%

Unbounded 0.010828 54% 0%

Integrated method 0.010831 53% 0%

Bounded 0.010838 23% 0%

Unbounded 0.010841 23% 0%

Integrated method 0.010841 23% 0%

Bounded 0.044765 55% 4%

Unbounded 0.044082 56% 3%
Integrated method 0.046088 52% 7%

Bounded 0.005766 182% 34% 44%
Unbounded 0.004839 233% 13%

Integrated method 0.005900 179% 37%

Bounded 0.004332 126% 1% 29%
Unbounded 0.004367 158% 2%

Integrated method 0.005080 122% 18%

Bounded 0.004441 107% 3% 27%
Unbounded 0.004248 145% -1%

Integrated method 0.004992 105% 16%

Bounded 0.029586 22% -2%

Unbounded 0.030214 23% 0%

Integrated method 0.030214 23% 0%

Bounded 0.044125 30% 3%

Unbounded 0.043668 30% 2%
Integrated method 0.046185 29% 7%

Baseline

Experiment Operator 0.0043 10% 52%

Donor[Operator] 0.0237 55% 2%

An_Sess[Operator,Donor] 0.0065 15% 1%

Plate (Res idual ) 0.0086 20% 0%

Scenario 1
Operator 0.0301 70% 18%

0%

10% 14%

Total 0.0430 100%

An_Sess[Operator,Donor] 0.0043 10% 1%

Donor[Operator] 0.0043

Total 0.0430 100% 0%

Plate (Res idual ) 0.0043 10% 0%

Scenario 2
Operator 0.0108 25% 38%

14%
Donor[Operator] 0.0108 25%

Plate (Res idual ) 0.0108 25% 0%

An_Sess[Operator,Donor] 0.0108 25% 1%

Total 0.0430 100% 0%

Scenario 3
Operator 0.0043 10%

43%

Donor[Operator] 0.0043 10%

An_Sess[Operator,Donor] 0.0043 10%
26%

0.0301 70% 0%

28%

Total 0.0430 100% 0%

Plate (Res idual )
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Table 14 Estimation methods comparison: Second Simulation Study results. 

 

Source of Variability
True 

VarComp
Distribution Type of Estimate

Estimated 

VarComp
%RE Rel_Bias

% of null/negative

Estimates

Bounded 0.009227 193% 115%

Unbounded 0.005217 396% 21%

Integrated method 0.009234 193% 115%

Bounded 0.020995 78% -11%

Unbounded 0.023376 80% -1%

Integrated method 0.023404 80% -1%

Bounded 0.006490 58% 0%

Unbounded 0.006507 58% 0%

Integrated method 0.006515 58% 0%
Bounded 0.008627 23% 0%

Unbounded 0.008633 23% 0%

Integrated method 0.008633 23% 0%

Bounded 0.045339 51% 5%

Unbounded 0.043733 53% 2%
Integrated method 0.047786 50% 11%

Bounded 0.008198 338% 91%

Unbounded 0.003456 860% -20%

Integrated method 0.008203 338% 91%

Bounded 0.022160 75% -6%

Unbounded 0.024975 76% 5%

Integrated method 0.025010 76% 6%

Bounded 0.006491 60% 0%

Unbounded 0.006509 61% 0%

Integrated method 0.006521 61% 0%

Bounded 0.008581 23% 0%

Unbounded 0.008591 24% 0%

Integrated method 0.008591 24% 0%

Bounded 0.045430 69% 6%

Unbounded 0.043530 71% 1%
Integrated method 0.048325 66% 12%

Bounded 0.007156 210% 66% 52%
Unbounded 0.003534 547% -18%

Integrated method 0.007175 209% 67%

Bounded 0.020071 210% -15% 8%
Unbounded 0.022144 210% -7%

Integrated method 0.022247 208% -6%

Bounded 0.006233 58% -4%

Unbounded 0.006315 59% -3%

Integrated method 0.006325 58% -3%

Bounded 0.008615 23% 0%

Unbounded 0.008622 23% 0%

Integrated method 0.008622 23% 0%

Bounded 0.042076 108% -2%

Unbounded 0.040616 107% -6%
Integrated method 0.044368 111% 3%

Bounded 0.008916 285% 107%

Unbounded 0.004264 649% -1%

Integrated method 0.008922 285% 107%

Bounded 0.022215 75% -6%

Unbounded 0.024975 76% 5%

Integrated method 0.025010 76% 6%

Bounded 0.006489 60% 0%

Unbounded 0.006509 61% 0%

Integrated method 0.006521 61% 0%

Bounded 0.008581 23% 0%

Unbounded 0.008591 24% 0%

Integrated method 0.008591 24% 0%

Bounded 0.046202 64% 7%

Unbounded 0.044338 66% 3%
Integrated method 0.049044 61% 14%

Bounded 0.006705 213% 56%

Unbounded 0.003325 555% -23%

Integrated method 0.006734 212% 57%

Bounded 0.022686 236% -4%

Unbounded 0.024535 233% 4%

Integrated method 0.024719 231% 4%

Bounded 0.006163 58% -5%

Unbounded 0.006315 59% -3%

Integrated method 0.006325 58% -3%

Bounded 0.008615 23% 0%

Unbounded 0.008622 23% 0%

Integrated method 0.008622 23% 0%

Bounded 0.044170 132% 3%

Unbounded 0.042798 132% 0%
Integrated method 0.046400 132% 8%

Bounded 0.007902 342% 84% 51%
Unbounded 0.005041 568% 17%

Integrated method 0.007938 341% 85%

Bounded 0.022126 257% -7%

Unbounded 0.023625 249% 0%

Integrated method 0.023850 246% 1%

Bounded 0.006444 58% -1%

Unbounded 0.006627 59% 2%

Integrated method 0.006638 58% 2%

Bounded 0.008603 23% 0%

Unbounded 0.008613 23% 0%

Integrated method 0.008613 23% 0%

Bounded 0.045075 144% 5%

Unbounded 0.043906 146% 2%
Integrated method 0.047039 140% 9%

Baseline

Experiment

Donor[Operator] 0.0237 Normal 2%

Operator 0.0043 Normal 52%

An_Sess[Operator,Donor] 0.0065 Normal 1%

Plate (Res idual ) 0.0086 Normal 0%

Scenario 1
Operator

0%

3%Donor[Operator]

Tota l 0.0430

0.0043 t Student (df=3) 60%

0.0237 Normal

An_Sess[Operator,Donor] 0.0065 Normal 2%

Total 0.0430 0%

Plate (Res idual ) 0.0086 Normal 0%

Scenario 2
Operator 0.0043

7%
Donor[Operator] 0.0237 t Student (df=3)

Normal
51%

Plate (Res idual ) 0.0086

Normal 2%An_Sess[Operator,Donor] 0.0065

Total 0.0430

Normal 0%

Scenario 3
Operator

0%

0.0043 LogNormal 60%

0.0237 Normal 3%

An_Sess[Operator,Donor] 0.0065 Normal 2%

Plate (Res idual ) 0.0086 Normal

Donor[Operator]

Tota l 0.0430

0%

Scenario 4
Operator 0.0043 Normal 48%

0%

Donor[Operator] 0.0237 LogNormal 14%

An_Sess[Operator,Donor] 0.0065 Normal 2%

Total 0.0430 0%

Plate (Res idual ) 0.0086 Normal 0%

Scenario 5
Operator 0.0043 LogNormal

50%

Donor[Operator] 0.0237 LogNormal 14%

An_Sess[Operator,Donor] 0.0065 Normal 2%

Total 0.0430 0%

Plate (Res idual ) 0.0086 Normal 0%
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Table 15 Estimation methods comparison: Third Simulation Study results. 

 

Source of Variability
True 

VarComp
Sample Size Type of Estimate

Estimated 

VarComp
%RE Rel_Bias

% of null/negative

Estimates

Bounded 0.009227 193% 115%

Unbounded 0.005217 396% 21%

Integrated method 0.009234 193% 115%

Bounded 0.020995 78% -11%

Unbounded 0.023376 80% -1%

Integrated method 0.023404 80% -1%

Bounded 0.006490 58% 0%

Unbounded 0.006507 58% 0%

Integrated method 0.006515 58% 0%
Bounded 0.008627 23% 0%

Unbounded 0.008633 23% 0%

Integrated method 0.008633 23% 0%

Bounded 0.045339 51% 5%

Unbounded 0.043733 53% 2%
Integrated method 0.047786 50% 11%

Bounded 0.007289 164% 70%

Unbounded 0.004360 328% 1%

Integrated method 0.007292 164% 70%

Bounded 0.021589 62% -9%

Unbounded 0.023778 64% 0%

Integrated method 0.023789 64% 0%

Bounded 0.006512 46% 0%

Unbounded 0.006519 47% 0%

Integrated method 0.006520 47% 0%

Bounded 0.008661 20% 1%

Unbounded 0.008661 20% 1%

Integrated method 0.008661 20% 1%

Bounded 0.044050 39% 2%

Unbounded 0.043318 39% 1%
Integrated method 0.046261 38% 8%

Bounded 0.006608 147% 54%

Unbounded 0.004090 293% -5%

Integrated method 0.006608 147% 54%

Bounded 0.022044 55% -7%

Unbounded 0.024105 57% 2%

Integrated method 0.024105 57% 2%

Bounded 0.006473 41% 0%

Unbounded 0.006473 41% 0%

Integrated method 0.006473 41% 0%

Bounded 0.008638 17% 0%

Unbounded 0.008638 17% 0%

Integrated method 0.008638 17% 0%

Bounded 0.043763 32% 2%

Unbounded 0.043306 33% 1%
Integrated method 0.045824 32% 7%

Bounded 0.006126 139% 42%

Unbounded 0.004228 245% -2%

Integrated method 0.006126 139% 42%

Bounded 0.022365 48% -6%

Unbounded 0.023992 51% 1%

Integrated method 0.023993 51% 1%

Bounded 0.006477 38% 0%

Unbounded 0.006477 38% 0%

Integrated method 0.006477 38% 0%

Bounded 0.008645 15% 1%

Unbounded 0.008645 15% 1%

Integrated method 0.008645 15% 1%

Bounded 0.043613 28% 1%

Unbounded 0.043343 29% 1%
Integrated method 0.045241 28% 5%

Bounded 0.007045 194% 64%

Unbounded 0.004180 373% -3%

Integrated method 0.007046 194% 64%

Bounded 0.022254 64% -6%

Unbounded 0.023886 65% 1%

Integrated method 0.023894 65% 1%

Bounded 0.006440 52% -1%

Unbounded 0.006443 52% -1%

Integrated method 0.006446 52% -1%

Bounded 0.008613 21% 0%

Unbounded 0.008616 21% 0%

Integrated method 0.008616 21% 0%

Bounded 0.044352 44% 3%

Unbounded 0.043124 45% 0%
Integrated method 0.046002 43% 7%

Bounded 0.006558 194% 53%

Unbounded 0.004267 332% -1%

Integrated method 0.006558 194% 53%

Bounded 0.022621 55% -5%

Unbounded 0.023894 56% 1%

Integrated method 0.023896 56% 1%

Bounded 0.006672 45% 3%

Unbounded 0.006673 45% 3%

Integrated method 0.006674 45% 3%

Bounded 0.008663 18% 1%

Unbounded 0.008664 18% 1%

Integrated method 0.008664 18% 1%

Bounded 0.044515 39% 4%

Unbounded 0.043498 40% 1%
Integrated method 0.045792 38% 6%

0.0237 3

0.0043 2
Baseline

Experiment Operator

Donor[Operator] 2%

52%

An_Sess[Operator,Donor]

0.0430

Plate (Res idual )

54 0%

0.0065 3 1%

0.0086 3 0%

Total

Donor[Operator] 3 1%

Scenario 1
3 47%Operator 0.0043

0.0237

An_Sess[Operator,Donor] 0.0065 3 0%

Plate (Res idual ) 0.0086 3 0%

Total 0.0430 81 0%

Operator 0.0043 4 43%

Donor[Operator] 0.0237 3 0%

Scenario 2

An_Sess[Operator,Donor] 0.0065 3 0%

Plate (Res idual ) 0.0086 3 0%

0.0430 108 0%Total

Operator

3 0%

Scenario 3

Donor[Operator]

5 38%0.0043

0.0237

3 0%An_Sess[Operator,Donor] 0.0065

Plate (Res idual ) 0.0086 3 0%

0.0430 135 0%

Scenario 4
Operator

Tota l

Donor[Operator] 0.0237 4 1%

0.0043 2 52%

An_Sess[Operator,Donor] 0.0065 3 1%

Total 0.0430

Plate (Res idual ) 0.0086 3 0%

Scenario 5
Operator

72 0%

0.0043 2 54%

Donor[Operator] 0.0237 5 0%

An_Sess[Operator,Donor] 0.0065 3 0%

3 0%

Total 0.0430 90 0%

Plate (Res idual ) 0.0086
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Source of Variability
True 

VarComp
Sample Size Type of Estimate

Estimated 

VarComp
%RE Rel_Bias

% of null/negative

Estimates

Bounded 0.006984 183% 62%

Unbounded 0.005361 257% 25%

Integrated method 0.006984 183% 62%

Bounded 0.022865 48% -4%

Unbounded 0.023752 48% 0%

Integrated method 0.023752 48% 0%

Bounded 0.006633 40% 2%

Unbounded 0.006630 40% 2%

Integrated method 0.006633 40% 2%
Bounded 0.008597 18% 0%

Unbounded 0.008598 18% 0%

Integrated method 0.008598 18% 0%

Bounded 0.045078 38% 5%

Unbounded 0.044342 38% 3%
Integrated method 0.045966 37% 7%

Bounded 0.007529 196% 75%

Unbounded 0.003603 488% -16%

Integrated method 0.007530 196% 75%

Bounded 0.020838 78% -12%

Unbounded 0.023190 79% -2%

Integrated method 0.023197 79% -2%

Bounded 0.006514 47% 0%

Unbounded 0.006517 47% 0%

Integrated method 0.006520 47% 0%

Bounded 0.008611 19% 0%

Unbounded 0.008613 19% 0%

Integrated method 0.008613 19% 0%

Bounded 0.043492 49% 1%

Unbounded 0.041922 50% -3%
Integrated method 0.045859 49% 7%

Bounded 0.008990 186% 109%

Unbounded 0.005316 364% 24%

Integrated method 0.008990 186% 109%

Bounded 0.021556 75% -9%

Unbounded 0.023760 76% 0%

Integrated method 0.023762 76% 0%

Bounded 0.006505 40% 0%

Unbounded 0.006506 40% 0%

Integrated method 0.006507 40% 0%

Bounded 0.008569 18% 0%

Unbounded 0.008569 18% 0%

Integrated method 0.008569 18% 0%

Bounded 0.045620 49% 6%

Unbounded 0.044152 50% 3%
Integrated method 0.047828 48% 11%

Bounded 0.009003 203% 109%

Unbounded 0.005288 393% 23%

Integrated method 0.009004 203% 109%

Bounded 0.021928 71% -7%

Unbounded 0.024153 73% 2%

Integrated method 0.024159 73% 2%

Bounded 0.006568 37% 1%

Unbounded 0.006572 37% 1%

Integrated method 0.006572 37% 1%

Bounded 0.008603 16% 0%

Unbounded 0.008603 16% 0%

Integrated method 0.008603 16% 0%

Bounded 0.046101 50% 7%

Unbounded 0.044617 52% 4%
Integrated method 0.048339 49% 12%

Bounded 0.005197 155% 21%

Unbounded 0.003927 232% -9%

Integrated method 0.005197 155% 21%

Bounded 0.022304 44% -6%

Unbounded 0.023212 45% -2%

Integrated method 0.023212 45% -2%

Bounded 0.006536 30% 1%

Unbounded 0.006536 30% 1%

Integrated method 0.006536 30% 1%

Bounded 0.008662 13% 1%

Unbounded 0.008662 13% 1%

Integrated method 0.008662 13% 1%

Bounded 0.042700 30% -1%

Unbounded 0.042338 30% -2%
Integrated method 0.043608 29% 1%

0.0043

0.0237 6 0%

2 47%Operator

Donor[Operator]

Scenario 6

0%Total

0.0065 3 0%An_Sess[Operator,Donor]

0.0086 3 0%Plate (Res idual )

0.0043 2

Donor[Operator] 0.0237 3

Scenario 7

0.0430 108

Operator

1%

1%4An_Sess[Operator,Donor] 0.0065

56%

3 0%Plate (Res idual ) 0.0086

72 0%Total 0.0430

Donor[Operator] 0.0237 3 1%

Scenario 8
Operator 0.0043 2 52%

An_Sess[Operator,Donor] 0.0065 5 0%

Plate (Res idual ) 0.0086 3 0%

Total 0.0430 90 0%

51%0.0043 2

Donor[Operator] 0.0237 3

Scenario 9
Operator

6 0%An_Sess[Operator,Donor] 0.0065

1%

0.0086 3 0%Plate (Res idual )

0.0430 108 0%Total

3 40%
Scenario 10

Operator 0.0043

Donor[Operator] 0.0237 5 0%

An_Sess[Operator,Donor] 0.0065 4 0%

0.0430 180 0%

Plate (Res idual ) 0.0086 3 0%

Total
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Table 16 Baseline Experiment: comparison of Confidence Intervals (CI) constructing methods.  
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Appendix B  
Determination of sufficient simulations number 

In order to evaluate the performance of REML estimators for variance components, 

the relative bias between the mean of the variance components estimates and the 

true value of the variance component has been computed. This relative index for 

the Baseline Experiment (considering the bounded variance components estimates) 

has been used to evaluate if 1000 simulations can be considered sufficient for the 

studies performed. In Figure 20 and Table 17 the percentage relative bias is 

reported in function of the number of simulations.  

Figure 20 The percentage relative bias in function of the number of simulations. 
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Table 17 The percentage relative bias in function of the number of simulations. 

 

As widely discussed in section 5.1, for the Operator effect a big relative bias has 

been found with the bounded estimation, because of the little number of Operator 

levels (only 2) and its little variance components compared to the other factors of 

the model. Even if this relative bias partially decreases with the increase of the 

number of simulations, the improvement obtained from 1000 to 2000 simulations 

is not worth for the choosing of a simulations number bigger than 1000. From this 

analysis, 1000 generated datasets have been acknowledged to be sufficient for the 

study. 

  

Operator Donor[Operator] An_Sess[Operator,Donor] Plate (Res idual ) Total

100 160% -6% -3% 2% 13%
200 131% -4% -1% 0% 11%
300 108% -11% -2% -1% 5%
400 109% -11% 0% -1% 5%
500 106% -10% -1% 0% 5%
600 108% -9% 1% 0% 6%
700 120% -11% 1% 0% 6%
800 116% -9% 0% 0% 7%
900 114% -10% 0% 0% 6%

1000 115% -11% 0% 0% 5%
1100 109% -11% 0% 0% 5%
1200 104% -10% 0% 1% 5%
1300 108% -9% 0% 0% 6%
1400 105% -10% 0% 1% 5%
1500 103% -10% 0% 1% 5%
1600 98% -9% 0% 1% 5%
1700 95% -9% 0% 1% 5%
1800 93% -9% 0% 1% 5%
1900 93% -9% 0% 1% 5%
2000 95% -9% -1% 0% 5%

Rel_Bias
N Simulations
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